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PREFACE. 



The investigations given in the following pages were made, the 
greater portion of them, several years ago. Some of them 
appeared from time to time in those periodical publications 
whose pages are open to discussions on subjects of this nature. 

In this treatise a complete investigation has been attempted 
of the laws of the motion of a rigid body round a fixed point, 
free from the action of accelerating forces, based on the pro- 
perties of surfaces of the second order, of the curves in which 
these surfaces intersect, and on the theory of elliptic integrals. 
The results which have been obtained are exact and not 
approximate, general and not restricted by any imposed 
hypothesis. 

That the theory of the rotation of a rigid body round a fixed 
point might be made to rest on the properties of the ellipsoid, 
was long ago shown by Legendre, and more recently by Poinsot 
in his brief but elegant tract, the " Theorie nouvelle de la Rota- 
tion des Corps." Professor De Morgan very justly observes, in 
his great work on the Differential and Integral Calculus, " that 
the long, isolated, and inelegant investigations which usually 
fill up the chapters of works on dynamics which treat of rota- 
tory motions might be almost entirely avoided, if the student 
were supposed to have that knowledge of the ellipsoid which he 
is supposed to have of the ellipse before he reads on the theory of 
gravitation." The ultimate analysis, however, or the dynamical 
solution of this problem, must be sought in the evaluation of 
those mathematical expressions known as elliptic integrals. At 
this point writers usually have abandoned the subject, or con- 
fined themselves to the discussion of particular hypotheses, and 
the deduction of approximate results. 



Vlll PREFACE. 

In connection with this portion of the subject, two curves, 
which have not, within my knowledge, been noticed by 
geometers, will claim the reader's attention. I have named them 
the spherical parabola, and the logarithmic ellipse. The former 
may be traced on the surface of a sphere, the latter on a para- 
boloid of revolution. These curves are of importance. They 
are the geometrical representatives of elliptic integrals of the 
first order, and of the logarithmic form of the third order. 
They complete the geometrical expressions for those integrals. 
The four forms may be represented by four ellipses, one plane, 
two spherical, and one parabolic. The formulae of comparison 
for those integrals given by Legendre and by others follow as 
simple geometrical conclusions from the properties of these 
curves. As an example, may be mentioned, Lagrange's scale 
of modular transformations in the first order, and the linear 
logarithmic and circular residuals which present themselves in 
the comparison of the diflFerent orders of elliptic integrals. 

I have carefully abstained from introducing any methods 
which, to one moderately versed in the first principles of the 
integral calculus, might not fairly be assumed as known. There 
is one exception. In a few cases, where the method was pe- 
culiarly applicable, I have ventured to make use of a new kind 
of coordinates, which were named in a short tract, published 
some years ago, tangential coordinates. The reader mpiy, how- 
ever, if he chooses, omit those applications, without breaking 
the continuity of the subject. 

I have not been led away by mathematical pedantiy to at- 
tempt to render this essay purely algebraical, by rejecting 
geometrical conceptions and the aids thence derived to sim- 
plicity and clearness ; knowing that, very often, the elegance 
of the analysis is owing to the distinctness of the graphical 
conception, and that though the forms of the reasoning may be 
diflFerent, the subject matter is identically the same. 

J. B. 
May \st, 1851. 
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ROTATORY MOTION. 



INTRODUCTION. 



The problem of the rotation of a rigid body round a fixed 
point is one that has engaged the attention of the most eminent 
mathematicians of Europe. A century has passed away since 
D'Alembert first, and Euler soon after, investigated the ana- 
lytical conditions of such a motion, and formed those differential 
equations, on the integration of which, the determination of 
the motion ultimately depends. In their investigations, which 
were purely analytical, they used to a great extent the prin- 
ciple of the transformation of co-ordinates ; a method of re- 
search, it must be conceded, which, though unexceptionable on 
the ground of mathematical rigour, is sometimes found to lead 
through cumbrous processes to complicated results. 

Some years afterwards, Lagrange took up the subject, and 
developed the theory in formulas of great symmetry and gene- 
rality. Combining the principle of D'Alembert with that of 
virtual velocities, he deduced the differential equations of 
motion, containing six quantities to be determined. By means 
of these equations, the three components of the angular velo- 
cities round the principal axes, which determine the position of 
the instantaneous axis of rotation in the body, and the three 
other angular quantities which define the position of the body 
itself in space, at any epoch, may be expressed in terms of the 
time. But those quantities, however they may be determined, 
furnish us, as it has justly been observed, with no conception of 
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the motion during the time. They prove to us that the body, 
after the lapse of a certain time, must be in a certain position ; 
but we are not shown how it gets there. We may, by means 
of calculations, more or less long and complicated, ascertain the 
bearings of the body at any required instant. We cannot, so 
to speak, accompany it during its motion. It is determined 
■per saltum, and not continuously. We are wholly unable to 
keep it in view and follow it, as it were, with our eyes during 
the whole progress of rotation. 

To furnish a clear idea of the rotatory motion of a body round 
a fixed point, free from the action of accelerating or other external 
forces, but in motion from the influence of one or more primitive 
impulses, was the object of a memoir, presented several years ago 
to the Institute, by that eminent mathematician M. Poinsot. 
In this memoir, still unpublished, but of which the author 
himself at the time printed and published a very luminous 
precis, the motion of a body round a fized point, and free from 
the action of accelerating forces, is reduced to the motion of a 
certain ellipsoid, whose centre is fixed, and which roUs, without 
eliding, on a plane fixed in space. The axes of this ellipsoid 
are assumed proportional to the inverse square roots of the 
moments of inertia round the principal axes of the body, passing 
through the fixed point, and coinciding in direction with them. 
He states as his final result, that the time and the other ultimate 
quantities must be determined by the aid of elliptic functions. 
He does not, however, give any account of the processes by 
which he arrived at his results, and few of the attempts which 
have since been made to supply that omission have been very 
successful. 

Nearly about the same time, the late Professor M'Cullagh 
turned his attention to this problem, which had then attracted 
considerable notice, owing to the recent researches of Poinsot. 
He adopted an ellipsoid, the reciprocal of that chosen by the 
latter geometer, and deduced those results which long before 
had been arrived at by the more operose methods of Euler and 
Lagrange. His method of investigation was, however, pecu- 
liarly his own. In his hands, as in those of Newton, the method 
of geometrical infinitesimals was fitted to grapple with difficul- 
ties which ordinary minds can barely overcojne, with all the aids 



which a refined analysis is so well calculated to bestow. Pro- 
fessor M'Cullagh was, however, so much occupied with other 
and perhaps more important subjects of physical inquiry, that 
he never took occasion to publish the results of his researches on 
rotatory motion. However simple and elegant his methods may 
have been, they would not harmonise with the modes of investi- 
gation adopted in the following pages. 

The idea of substituting, as a means of investigation, an 
ideal ellipsoid, having certain relations with the actually revolv- 
ing body, claims the illustrious Legendre as its author. Al- 
though he conducts his own investigations on principles 
altogether different, he yet seems well aware of the use which 
might be made of this happy conception. In his Traiti des 
Fonctions Elliptiques, he says : 

" Quelles que soient la figure et la constitution intMeure 
d'un corps solide qui pent librement tourner dans tons les sens 
autour d'un point fixe, et qui n'est soumis & Taction d'aucune 
force acc^l^ratrice, le mouvement de oe corps pent toujours Stre 
assimilS k celui d'un ellipsoide homogSne de mSme masse, dont 
les demi-axes principaux du corps propos6 out les mSmes 
moments d'inertie, et qui aurait re<;u la m^me vitesse initiale 
dans le meme sens et autour du meme axe de rotation. 

" En effet, les seuls elemens qui, dans la th^orie pr^cedente 
dependent de la figure du corps et de la loi qui suit la density 
de ses difierentes molecules, sont les quantites A, B, C, par les- 
quelles se forment les momens d' inertie du corps relativement 
aux troix axes principaux. Done si ces quantites sont 6gales 
dans deux corps, et si I'impulsion primitive est la mSme ces 
deux corps auront n€cessairement la mSme position et les 
mSmes vitesses au bout d'un temps quelconque." — Traite des 
Fonctions Elliptiques, torn. i. p. 410. 

Several years ago, when engaged in applying a new analytical 
method, founded on a peculiar system of co-ordinates, which he 
named tangential -coordinates, the author was led to views some- 
what similar, from remarking the close analogy, or rather iden- 
tity, which exists between the formulae for finding the position 
of the principal axes of a body, and those for determining the 
symmetrical diameters of an ellipsoid. He still further observed, 
tiiat the expression for the length of a perpendicular from the 
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centre on a tangent plane to an ellipsoid, in terms of the cosines 
of the angles which it makes with the axes, is precisely the same 
in form with that which gives the value of the moment of iner- 
tia round a line passing through the origin. Guided by this 
analogy he was led to assume an ellipsoid, the squares of whose 
axes should be directly proportional to the moments of inertia 
round the coinciding principal axes of the body. 

At first sight the inverse ellipsoid, assumed by Poinsot, may 
seem to possess some advantages over the direct ellipsoid, at 
least so far as such an ellipsoid may be said to approximate in 
form to the natural body. For example, if we consider the 
case of the rotation of a solid homogeneous ellipsoid round its 
centre, the ideal or mathematical ellipsoid of Poinsot will bear 
a resemblance to the figure actually in motion. In the direct 
ellipsoid of moments, which is made the instrument of inves- 
tigation in the following pages, this resemblance does not exist, 
for the coinciding axes of the material and mathematical ellip- 
soids are such, that the sum of their squares is constant. Should 
the revolving figure be an oblate spheroid, its mathematical 
representative will be a prolate spheroid. The reader must bear 
this diversity of figure in mind, in applying the conclusions of 
theory to an actually revolving ellipsoid. Although it may seem 
a matter of little moment, which of the ellipsoids we choose as 
the geometrical substitute for the revolving body, it is not so in 
reality, when we come to treat of the properties of the integrals 
which determine the motion. These integrals depend on the 
properties of those curves of double flexion, in which cones of 
the second degree are intersected by concentric spheres. By 
means of the properties of these curves, a complete solution may 
be obtained, even in the most general case to which only an 
approximation has hitherto been made. The solution of a 
mathematical problem may only then be said to be complete, 
when in the final result the calculation of the sought quantities 
may be made to depend on some known elementary quantity or 
quantities, such as a certain right line, an arc of a circle, &c. 
So in this problem, the elliptic transcendents, to the determina- 
tion of which the calculation of the motion is ultimately reduced, 
are shown to represent arcs of spherical conic sections, whose 
elements depend on the nature of the body, and on the magni- 



tude and position of the impressed moment. In all the solutions 
of this problem which have hitherto appeared, the investigations 
are brought to a close, when the expressions, either for the time 
or other sought quantity, are reduced so as to include the square 
roots of quadrinomials involving the independent variable to 
the fourth power. In this treatise the investigations are con- 
tinued beyond this point, and a brief account of what the 
author has been enabled to accomplish in this portion of the 
subject may not be out of place. 

It is a well-known theorem, established by Legendre, that 
two circular elliptic functions of the third order, having the 
same modulus and amplitude, but with positive and negative 
parameters respectively, may be connected by a certain equa- 
tion which he establishes. This formula may be found in any 
treatise on elliptic functions. It is shown in the following pages 
that these circular forms arise from treating the element of the 
spherical conic, either as the hypothenuse of an infinitesimal 
right-angled spherical triangle, or as a portion of a circle hav- 
ing the same curvature. If we adopt the former principle, 
we shall obtain for the arc an elliptic function of the third 
order, circular form, and negative parameter. Selecting the 
latter, we shall get a circular form of the same order, with a 
positive parameter. The modulus and amplitudes are shown 
to be the same for both. Equating these dissimilar expressions 
for the same arc, we obtain Legendre's theorem. 

Again, in prosecuting these researches, the author believes he 
has been the first to hit upon a theorem which gives the true 
representative curve of elliptic functions of the first order. The 
true geometrical representative of this function has long been 
felt as a desideratum in this department of mathematical science. 
Legendre, and others since his time have devised curi'es whose 
rectification may be effected by elliptic functions of the first 
order. But they are barren of analogies and complex in their 
construction: they are deficient in that simplicity which one 
seldom fails to meet with, when a question is contemplated 
from its true point of view. Moreover, the properties of 
those curves throw but little light upon, neither do they give 
any geometrical explanation of, the most elementary properties 
of these functions. The theorem is as follows : 
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Any spherical conic section, the tangents of whose principal 
semiarcs may be constituted the coordinates of an equilateral hy- 
perbola, whose transverse semiaxis is I, may be rectified by an 
elliptic function of the first order. As a corollary from this. 

The quadrature of any spherical conic section, the cotangents 
of whose principal semiarcs may be constituted the ordinates of an 
equilateral hyperbola, whose transverse axe is 1, may be effected 
by an elliptic function of the first order. 

Hence it follows, that there is a particular class of elliptic 
functions of the third order, which may be reduced to elliptic 
functions of the first order, a theorem that has long been known. 

This particular species of spherical ellipse, being the gnomonic 
projection, on the surface of a sphere, of a plane parabola touching 
it at its focus, the author has named the spherical parabola ; a 
name to which its close analogies to the plane curve give it a 
clear title. 

As in this particular species of spherical ellipse we may take 
either the focus or the centre as the origin of the spherical 
radii vectores, in effecting the processes of rectification, we are 
unexpectedly presented with Lagrange's scale of modular trans- 
formations, as also with the other equally well-known theorem 
by which the successive amplitudes are connected. In fact 
these theorems are simple corollaries from the geometrical pro- 
perties of those curves. 

An elliptic function of the first order being shown to be only 
a particular case of elliptic functions of the third order, as the 
circle is a species of ellipse, it follows that the analogies between 
functions of the first and third orders will be more numerous 
and intimate than between the second and either of the others. 
Such is in fact the case. Elliptic functions of the first and 
third orders constantly occur in combination. In the discussions 
of the following pages, for example, functions of the first and 
third orders present themselves in various combination, while a 
function of the second order does not once occur in the essay. 
The spherical parabola developes many curious and peculiar 
properties, some of which are established in the following pages. 

The application of the theory of elliptic functions to the 
discussion of the problem of a rigid body revolving round a fixed 
point, has led to the remarkable theorem, that, — 



The length of the spiral between two of its successive apsides, 
described in absolute space, on the surface of a fixed concentric 
sphere, by the instantaneous axis of rotation, is equal to a quadrant 
of the spherical ellipse described by the same axis on an equal 
spliere, moving with the body. 

The ordinary equations of motion being established, the 
author proceeds to show that if the direct ellipsoid of moments 
be constructed, the rotatory motion of a body, acted on solely by 
jH-imitive impulses, may be represented by this ellipsoid moving 
round its centre, in such a way that its surface shall always pass 
through a point fixed in space. This point, so fixed, is the ex- 
tremity of the axis of the plane of the impressed couple, or of 
the plane known to mathematicians as the invariable plane of 
the motion. 

But a still clearer idea of the motion of such a body may be 
formed by the aid of another theorem, which shows that the 
whole motion of a revolving body may be represented by a cone 
which rolls, without sliding, on a fixed plane passing through its 
vertex, while this plane revolves with an uniform motion round 
its own axis. This, perhaps, is the simplest conception we can 
form of a revolving body. Now the principal axes of this cone, 
and its focal lines, depend on the constitution and form of the 
body, or in other words are functions of the moments of inertia 
round the principal axes ; while the initial position of the plane 
of the impressed couple in the body will determine the tangent 
plane to this cone. But when the two focal lines of a cone, 
and a tangent plane to it, are given, the cone may as completely 
be determined as a conic section when its foci and a tangent to 
it are given. Nothing more simple than this conception, a cone 
rigidly connected with the body, the position of whose focal 
lines, and whose principal vertical angles, depend on the form 
and constitution of the body, revolves without sliding on a 
plane, while the plane itself revolves uniformly round its 
own axis. "We may also observe, that when the plane of 
the impressed couple passes through one of the focals of the 
rolling cone, the motion is sui generis ; it no longer may be 
represented by a rolling cone. The cone degenerates into a 
plane segment of a circle, which swings round one or other of 
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the cyclic axes of the ellipsoid of moments, these cyclic axes 
being the boundaries of the circular segment. 

Although it may be, and doubtless is, very satisfactory in this 
way to be enabled to place before our eyes, so to speak, the 
very actual motion of the revolving body, yet it is not on such 
grounds solely that the following essay has been published. 
Were the theory of no other use than to give strength and 
clearness to vague and obscure notions on this confessedly 
most difficult subject, enough had been already accomplished by 
the celebrated geometer whose name is so deservedly associated 
with this subject. It is as a method of investigation that it 
must rest its claims to the notice of mathematicians; as a 
means of giving simple and elegant interpretations of those 
de6nite integrals, on the evaluation of which the dynamical state 
of a body at any epoch can alone be ascertained. If the author 
has to any degree succeeded in accomplishing this, it is because 
he has drawn largely upon the properties of lines and surfaces 
of the second order, and of those curve lines in which these 
surfaces intersect. If he has been enabled to advance any thing 
new, it is owing solely to the somewhat unfrequented path he 
has pursued. That it was antecedently probable such might 
lead to undiscovered truths, no one conversant with the appli- 
cations of mathematical conceptions to the discussions of those 
sciences wiU deny. To introduce auxiliary surfaces into the 
discussions and investigations of physical science is an idea no 
less luminous than it has been successfuL The properties of 
such surfaces often aid our conceptions, or facilitate our calcu- 
lations in a very remarkable manner. M. Dupin, for example, 
reduces the problem of the equilibrium of a floating body to 
that of a solid resting on a horizontal plane ; the solid being 
the envelope of all the planes which retrench from the floating 
body a given volume. We have a still more striking instance in 
the wave-theory of light. We there find the surface of elas- 
ticity the equimomental surface in the theory of rotation. Few 
indeed there are among mathematicians who require to be in- 
formed how the wave-surface of Fresnel, or its polar reciprocal, 
the surface of wave-slowness of Sir William Hamilton, have 
served to clear our conceptions on a subject as yet scarcely 
understood, to realize and embody -an indistinct and shadowy 
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theory. Nay, more, the geometrical properties of the sur- 
face of wave-slowness in the hands of Sir W. Hamilton have 
led to the anticipation of the theory of conical refraction. They 
have enabled us to invert the natural order of induction and to 
place theory in advance of experiment. Were further illus- 
tration needed, one might refer with confidence to the treatise 
of Mac Laurin on the figure of the earth ; to the researches of 
Clairault on the same subject, to the investigations of Poisson, 
Chasles, and Ivory, on the attraction of ellipsoids. A theorem 
in surfaces of the second order, on which he has bestowed his 
name, enabled the latter to evade the difficulties of the problem 
on which he was engaged. So true is the fine anticipation of 
Bacon: — *'For as Physicall knowledge daily growes up, and 
new Actioms of nature are disclosed ; there will be a necessity 
of new Mathematique inventions." * 

The author has taken occasion, during the progress of the 
essay, to derive those partial solutions on particular hypotheses, 
which are given in the usual text-books on this portion of 
dynamical science. To the reader familiar with those solu- 
tions it will, doubtless, be satisfactory to see them follow, as 
simple conclusions, from principles more widely general. These 
partial solutions serve, as it were, to test the truth and accu- 
racy of the principles on which the entire theory is based. To 
those who read the subject as a portion of academical study, it 
will, no doubt, prove interesting to discover an additional link 
connecting the deductions of pure thought with the laws of matter 
and motion. They will not fail to observe the analogy, that as 
the properties of the sections of a cone by a plane have elucidated 
the motions of translation of the planets in their orbits, so like- 
wise the theory of the rotation of those bodies, round their 
axes, may be founded on the properties of the sections of a 
cone by a sphere. 

* Of the Advancement of Learning, book iii. chap. 6. 
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SECTION I. 

L As the properties of cones of the second degree, and of the 
curves of double flexion, in which their surfaces may be inter- 
sected by concentric spheres, will in the following pages con- 
tinually be referred to, it is proper to establish such of them 
here as we shall have occasion to make use of. Some of them 
we believe will not be found in any published treatise on the 
subject. 

Definition. 

A spherical conic may be defined as the curve of intersection 
of a cone of the second degree with a concentric sphere. 

When we consider only the closed curve jthrough the centre 
of which the real axe of the cone passes, the curve may be 
named the spherical ellipse. 

In the spherical ellipse there are two points analogous to the 
foci of the plane ellipse, such that the sum of the arcs of the 
great circles drawn from those points to any point on the curve 
is constant. 

Let a and ^ be the principal semiangles of the cone ; 2 a. and 
2 ^ are therefore the principal arcs of the spherical ellipse. Let 
two right lines be drawn from the vertex of the cone in the 
plane of the angle 2 a, making with the internal axe of the cone 

cosa 
angles e, such that cose = —-g, these unes are termed /ocafc or 

the ybcaZ lines of the cone. The points in which they meet the 
surface of the sphere are termed the foci of the spherical 
ellipse. 

It is generally known that every umbilical surface of the 
second order has two concentric circular sections, which, in" 
the case of cones, pass through the greater of the external axes. 
Perpendiculars to the planes of those sections passing through the 
vertex — they may be termed the cyclic axes — make with the 
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internal axe of the cone, in the plane of 2|8 — the plane passing 
through the internal and the least external axe — angles >), such 
that 

COS>) = - — . . . (1). 

' sina ^ ' 

Let a series of planes be drawn through the vertex and per- 
pendicular to the successive sides of the cone, this series of 
planes will envelope a second cone, which is usually termed the 
supplemental cone to the former. The cones are so related that 
the planes of the circular sections of the one are perpendicular to 
the focals of the other, and reciprocally. 

II. The equation of the spherical ellipse may be found as 
follows, from simple elementary considerations. 

Let 2 a and 2 j3 be the greatest and least vertical angles of 
the cone ; the origin of coordinates being placed at the com- 
mon centre of the sphere and cone. Let tbe internal axe of 
the cone meet the surface of the sphere in z, which point may 
be taken as the pole. The greater external axe, or the angle 2 a 
being taken in the plane of i/z, the lesser angle 2 /3 will be in the 
plane of xz. Let p be an arc of a great circle drawn from the 
point z to any point Q on the curve. ^ being the angle 
which the plane of this circle makes with the plane of 2 a, then 
we shall have for the polar equation of the spherical ellipse, 

cos^\|» Bin*^!' 1 

+ 



tan'' a tan^/3 tan^'p 

To show this, through the point z let a tangent plane be 
drawn to the sphere intersecting the cone in an ellipse, which 
for perspicuity may be named the plane base of the cone, in con- 
tradistinction to the portion of the sphere within the cone 
which may be designated the spherical base of the cone. The 
great circle passing through z and Q will cut the plane base of 
the cone in the radius vector R, and if we write A and B for se- 
miaxes of this section, we shall have the following equation, 
being the common polar equation of the ellipse, the centre being 

I cos^^l/ sin* 4/ 
the pole, ^ = -^ •- -^2 

Now the radius of the sphere being k, and p, a, /3, the angles 
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subtended at the centre by E, A, B ; B = A tan p, A = k tan «, 
B = A tan /3, whence 

1 _ cos'' 4* sin^vlr 



tan^p "~ tan"^ a tan^/3 

We may write this equation in the following form 

1 — sin'^p cos^i|/ ,, • 9 \ , sin^^Ir, . „„. 

sm-f> sm'^a ^ ^ Bin^p 

, . 1 cos'ij/ , sin^4/ ,„. 

or reducing . „ = -=-5 h ■ ,- . . {o). 

This is the equation of the spherical ellipse in another form, 
which may be obtained independently, by orthogonally project- 
ing the spherical ellipse on the plane of the external axes. 

III. If in the major principal arc 2 a of the spherical ellipse 
we assume two points equidistant from the centre, the distance e 

cos fit 

being: determined by the condition cos e = , the sum of the 

° ■' cosp 

arcs of the great circles drawn from those points to any point of 

the spherical ellipse is constant, 

and equal to the principal arc 2 a. 

That this "value of cos s is correctly 

assumed wiU be apparent from the 

consideration, that should such a 

property exist generally, it must hold for the extremity of the 

principal minor arc. Now in this case a, /3, »-, are the three sides 

of a right-angled spherical triangle ; whence cos a = cos /3 cos e. 

Let fl and fl' denote the arcs drawn from the points f, f ' to 
the point Q upon the curve, QZ= p, and the angle Q z F 
= ^^, F Z = F' Z = e. 

Then as f z Q, p' z Q are spherical triangles, we get 

co« A = °°" ^ - '^^^ ' «^°^P Ui _ ... .|. - ""^"^ - COS E cosp 

sins sin p ^ ■" ^ sine sin p ^^' 

cos a /NT, . „ 

cos« = ^^ (c), and the equation of the curve given in (2) 

cot^p = cot^a cos^vl/ + cot'/Ssin^^/ . (d). 
Between (a) (b) (c) (d) we must eliminate p \J/ and s. Adding 
together (a) and (b) ; also subtracting (b) from (a), we get 
cosfl + cosfl'=2cospcose: and cos «-cos 6'=2sinpsinE cos ^^; 
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from (d) 1 = cot* a tan^ p cos" 4/ + tan" p cot" ^ —tan" p cot" /3 cos" ^ ; 

/C0S"/3 — C08"a\ . „ „, „„ C08"p , . 

°' I Bin"a sin"^ J smV cosH = cot"^ - ^-j^; substituting 

for sin p cos 4/, its value deduced by subtracting (b) from (a), 
we find cos" a (cos fl — cos fl')" + sin" a. (cos i + cos fl'^ = 
sin" 2 a, or cos" fl + cos'^ fl' — 2 cos 9 cos fl (cos" a — sin" a) = 1 — 
cos" 2 a ; 
whence cos" 2a — 2 cos fl cos 6' cos 2 «= 1 — cos" fl — cos'* fl'. 

Completing the square and reducing, we obtain 
cos 2 « = cos fl cos fl' ^: sin fl sin fl' = cos (fl + fl') or 

2a = fl + fl' . . . (4). 

The positive sign to be taken when the curve is the spherical 
ellipse. 

IV. The product of the sines of the perpendicular arcs let 
fall from the foci, on the arc of a great circle which touches the 
spherical ellipse, is constant. 

Let w, in', isr", be the perpen- 
dicular arcs, from the centre and 
two foci, on the tangent arc mn. 
These three arcs will meet in the 
point o the pole of the arc mn. 
Let p be the perpendicular from 
the centre on the right line which 
touches the plane elliptic base ; of 
this right line, m n is the projec- 
tion. We shall therefore have 

p^ = A" cos" X + B" sin" A, 
or tan'* w = tan" a cos" x + tan" fi sin" x. 




whence cos" w = - 



cos- a 



1 — sin" E sin" X 
Now F z Q = X, whence in the spherical triangle F z o 

as FO = ■a', zo = 5 — or, we shall have 

2 ■^ 

^ Bin .ir' - cos . sin ^ j^ ^^^ ^^^^^ spherical tri- 
cos X sin 6 cos w 

" — cos e sin 67 



ansle r'zo we shall also have 



cos X = 



sin o 



Bin 6 cos w 
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Adding first, and then subtracting those equations, one from 

the other, we find 

sin ■or' + sin vs" = 2 cos e sin ■a, 

sin •b/ — sin is" = 2 sin e cos vs cos X 

Squaring those equations, and subtracting the latter from the 

former, we shall obtain 

sin -as' sin ts" = cos^ e — cos'^ in- (1 — sin^ s sin* X). 
Substituting for cos ts its value given above, and reducing, 

sin ■ns' sin zs" z= sin (a + e) sin (a — e) . . (5). 

V. The area of any portion of a spherical surface bounded 
by a closed curve, may be determined by the formula. 



area 



= / rf\j/ / rfo- [ sin <r ], 



where o- Is the arc of a great circle intercepted between the 
fixed point z taken within the curve as pole, and any variable 
point m assumed within the bounding curve on the surface of 
the sphere; p being the spherical radius vector of the curve 
measured from the pole Z, and passing through m ; while ^ is 
the angle which the plane of the great circle, passing through 
the points z, m, makes with the fixed plane of a great circle 
passing through z. 

Let o be the centre of the sphere, z the pole, m the assumed 
point, z Q the great circle passing through 
them. Through z let a great circle ozq' 
be drawn, indefinitely near to the former, 
d^ being the angle between the planes. 
Through m let a plane be drawn perpen- 
dicular to the axis oz, meeting the great 
circle ozq' in m'. Through n a point on 
ZQ indefinitely near to wi a parallel plane 
being drawn, it will meet the great cir- 
cle ozq' in a point n', indefinitely near to m'. Now it is 
manifest from this construction that the whole spherical area to 
be determined is the sum of all the indefinitely small trapezia, 
such as mnm'n', into which it may in this manner be divided. 
To compute the value of this elementary trapezium, we have m m' 
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= sin 0- d^, mn = da: As the pole z is within the curve, the 
limits of 0" are and p ; and as the surface is assumed to extend 
all round z, the limits of v]/ are and 2 ir. Whence, 

area = / d \I/ / rfo- [ sin o-]. 

Integrating this equation between the limits and p, we find 



area = / dvj/ [ 1 — cos p] . . (6).^ 



The second integration can be accomplished only when we 
know the relation between p and ^(', or the equation of the 
bounding curve. 

VT. To find an expression for the length of a curve de- 
scribed on the surface of a sphere. 

Let m and m' be two consecutive points on the curve, 
ZQ, zq' two great circles passing through 
them, inclined to each other at the angle 
d\|/. Through m let a plane be drawn 
perpendicular to o z, and meeting the great 
circle ZQ' in n. Then, ultimately mnm' 
may be taken as a right-angled triangle, 

whence mm' z^m.n^+m'n. Now, 

mm'=id<r, HiK=sinpd4', zm = p, m'n=.dp. Whence rf(r = 

\dp^ + sm^pdV']*' 

Integrating this expression between the limits p, p„ or ^1/ and 
0, accordingly as we take p or ^J/ for the independent variable, 
we obtain 




arc 



=/; [l + sin. , ^3'; or.rc=/^; [^+««v] ' (')■ 



♦ Equation (6) may be established by the help of the simplest elementary 
principles. We know that the surface of the segment of a sphere comprised 
between a tangent plane and a parallel secant plane is equal to the circumference 
of a (treat circle multipUed into the distance between these planes. This distance 
is 1 - cos p • p being the arc of a great circle, measured from the point of contact 
of the tangent plane to the paraUel secant plane. If through the diameter per- 
pendicular to these planes we draw two great circles, inclined, one to the other, 
atthe angle rf +, the surface of the spherical wedge thus formed will be 

(JiKl — cos f). 
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VII. To find the area of the spherical ellipse. 
Kesuming equations (2) and (3) of the spherical ellipse. 



cos* \t sin* 4* 1 1 
-+z:rT^>and 



cos^ 4/ sin* 4/ 



tan* p tan* a ' tan* /3' ""^ sin* p sin* a sin* ^' 
Dividing the former by the latter, and reducing, we find 



cos p = cos a. 






(8> 



Substituting this value of cos p in the general expression for 
the spherical area (6), v?e obtain the result 

■7 tan*a 
/^ 1 + 7—20- 

area = ^^ — cos a I d^l/ ^" '^ 

J sin*« 

_ "^ sin*;3 
To integrate this equation, let us make the assumption 



tan*\|; 



tan* 4/ 



(9). 



I tan S ^ 

tan 4*= -^^^ — tan ^ 



• • (10); 

tan a 

and we shall find, on making the necessary transformations, the 
area = 4* 

-^^rz <=°' <^ I d'P T~ /tan* o-tan' m . . 1 /, /cos' jS-cos* a\ . n(ll). 

Let A and b be the semiaxes of the plane elliptic base of 
the cone, and e its eccentricity, then we shall obviously have 



A^ — B^ tan^ a. — tan^ (3 



(12); 



A* ~ tan* a 
and s being the angle between the spherical focus and centre, 

cos a ,. T„, , . cos*/3— cos*a ,,„, 

C08e = 5 (Art. III.), whence sm* e= „ . — (13). 

cos/3 ^ ^ cos*/3 ^ ^ 

Introducing those relations into (11), we obtain the formula 



area 



=^-^ °°^ l/^^ [[l-e*sin*y]Vl-sin*esin*y] (^^> 
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This is an elliptic function of the third order and circular 
form, since e^ is less than 1 and greater than sin'' e. 

This seems to be the simplest form to which the quadrature 
of the spherical ellipse can be reduced. The parameter and 
squared modulus of the elliptic transcendent being the squares 
of the eccentricities of the plane and spherical ellipses respec- 
tively. 

We shall show hereafter that there is a class of spherical 
ellipses whose quadrature may be eifected by elliptic functions 
of ihejirst order. 

VIII. To determine the geometrical signification of the angle 
of reduction 9, in the above 
transformation. 

On the major axis of the 
plane elliptic base of the cone, 
let a semicircle be described. 
Let OP be drawn, making 
the angle 4* with the major ^ 
axis o B. Let the ordinate through p be produced to meet the 
circle in Q, join OQ ; 

then ^""'^ ^PD^B^W but ^t^^t-^;see(10); 
tan QOB QD A tan a tan (p tan a. 

whence QOB =^, or ip is the eccentric anomaly of the point P. 




Now, when rj* = 0, ip : 



0, and when \1/ = ^, ip = ^ whence f 



and ^ coincide at those limits. Writing s for the area of 
the quadrant of the spherical ellipse ; as the surface evidently 
consists of four symmetrical quadrants, the area or length of 
one quadrant will manifestly be one-fourth of the area or length 
of the whole ; whence 



'"2 J. hi 



[1— e* sin* if] -/l— sin* e sin* f_ 



(15). 



f^-i 



IX. To find the length of an arc of the spherical ellipse. 

In this case it will be found simpler to integrate the differ- 
ential expression for an arc of the curve, with respect to p, 
rather than 4/ the independent variable in the last problem. 
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Resuming the equation established in (7), 
arc =/rfp ["l + fsin p -^ j 1 , we deduce from 

differentiating the former with respect to 4* and p, and elimi- 
nating sin 4/, cos 4' ; using for this purpose the relations esta- 
blished in (16), 

rf'{/_ —sin a sin )3 cos p (17). 

dp sin p A^sin'' a — sin'' p ^/8in'' p — sin^ /3 

Substituting this value of -j^ in the general expression for 

up 

the arc, the resulting equation will be found, 

,,,_ ^ [-sin p VcosV-cos'g cos^^ -| ^ ^^g^^ 

^ L -v^sin'' a — sin'' p v sin'' p — sin* j3J 

An elliptic function which may be reduced to the usual form 
by the help of the following transformation : 

„ sin* a cos* ip + sin* |3 sin* ip ,, „^ 

Assume cos' p =- — 5 2 ^ ■ ^„„2 a 0:^2 » • • K'^^)' 

' tan* a cos' 9 + tan' p sin' 9 

The limits of integration being and ^. Differentiating (19), 
introducing into (18) the relations assumed in (19), we find the 



arc= 



tan P . n /*. . f / tan" o — tan' P\ . , ") A /sin' a - sin' fi\ . , „ 
— ,sm3/ i^U_ ( ____)sm.^|^/l - (__,__) sm' * G 

. ,, «\ ^1 i ■> tan* a — tan* & , . 
We have shown m (12) that e*= — j-^ , and m 

sinfl , . , sin* a — sin* S ,„-, 
Sec. L, that cos .i=-v-^, whence sm*.j= -v-^- (21). 



Sin a sin* a 



9r 
Integrating between the limits and -^, and writing 2 for 

the length of a quadrant of the spherical ellipse. 
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2 = ^^ sin^ / dip I {I -e'^sin^} -/l -sin^ij sin^J ^^^^' 

An elliptic function, which is also of the third order and 
circular form, since e^ is greater than sin^ r) and less than 1. 

This is the simplest form to which the rectification of an arc 
of a spherical ellipse can be reduced. The parameter and 
squared modulus of the elliptic function of the third order being 
the squares of the eccentricity of the plane elliptic base, and of 
the sine of half the angle between the circular sections of the 
cone. 

We shall show presently that there is a class of spherical 
ellipses whose rectification may be effected by an elliptic func- 
tion of the first order. 

It is easily shown that the coefficient sin /8 of the ellip- 
tic function in (22) is the square root of the expression which 
may be termed the criterion of circularity. As this coefficient 
is manifestly real, the expression itself must be positive, or the 
elliptic fimction is of the circular form. 

X. Let a' and /3' be the principal arcs of the supplemental 
cone, cl' being in the plane of /3, and /3' in that of a. Let 2' be 
the length of a quadrant of the spherical ellipse the intersection 
of this cone with the concentric sphere. Then we deduce from 
(22) 

tan ^' . fl, r i r 1 1 

^'= toTT' ^'° '^J d? L{ 1 -^ sin'f} V 1 - 8in»,' sin^f J 
Now as the cones are supplemental, 

a + ^'= -, /3 + a' = L whence sin a'= cos /S, sin fi'= cos a, 
2 ^ 

tan /3'_tan /3 
cos «' - sin ^, cos ^'=sin a, therefore ^^;^/-{^^» 

c'' = c*, and sin ii'=sin e (23). 

Introducing these transformations into the last formula 

^'=Sl *^' */«^VL{l-e''8in'^ f) ^/1-sin^e sin* J ^^'^^' 

C 2 
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Now if we turn to the expression found for the area of a 
spherical ellipse and given in (14), we shall find that it consists 
of two parts, a circular arc, and an elliptic integral identically 
the same with the one just investigated, when taken between the 

limits and ^. We thus arrive at the very remarkable result, 

that the rectification of a spherical ellipse depends on the quad- 
rature of the supplemental ellipse, and reciprocally.* 
If we add together (14) and (24), 

% + %' = l . . . . (25); 

or taking the whole surface 4 s of the spherical conic, and the 
circumference 4 S' of the supplemental conic, introducing, more- 
over, A the radius of the sphere, we obtain the remarkable 
theorem 

4s + 4fe2'=2AV . . . (26). 

Now 4 A 2' is twice the lateral surface of the supplemental 
cone, and 4 8 is the surface of the spherical ellipse. We may 
therefore infer that 

The spherical base of any cone, together with twice the lateral 
surface of the supplemental cone, is equal to the surface of the 
hemisphere. 

XI. Let 4 s' denote the spherical base of the supplemental 
cone, and L the lateral surface of the original cone : from the 
preceding equations we obtain 

2s + l'= A'lr, 2s' + L = AV . . (27). 

Adding those equations, 

4(s + s') + 2(l + l') =4A2,r . (28). 

Subtracting one from the other, 

4(S-S') = 2(L-L') . . (29); 

* The discovery of this remarkable relation between the length and area of a 
spherical ellipse is due to the late Professor MacCulIagh, to whom mathematical 
science is indebted for some new and beautiful theorems in this department of 
geometrical research. 
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or, if any two cones, supplemental one to the other, are cut 
by a concentric sphere. 

The sum of their spherical bases, together with twice the sum of 
their lateral surfaces, is equal to the surface of the sphere. 

And, The difference of their bases is equal to twice the difference 
of their lateral surfaces. 

Again, let a cone whose principal angles are supplemental, be 
cut by a concentric sphere, 

The area of the spherical base, together with twice the lateral 
surface, is equal to the surface of the hemisphere. 

XII. We shall now proceed to develope other analogies be- 
tween plane and spherical curves. Having first given a simple 
demonstration of the well-known formula for the rectification of a 

plane curve s = I pdx + h, vie shall proceed to apply this 

proof to establish an analogous formula for the rectification of a 
curve on the surface of a sphere. 

Let Q be the centre of curvature of the arc of the curve at a, 
AB a tangent at A, OB a perpendicular from the pole o upon 
this tangent, oc a perpendicular 
upon the radius of curvature qa. 
Then oc = ab = h. Let a, b, 
c, o, Q be the corresponding 
points in the construction for a 
point a on the curve indefinitely 
near to a. Produce oc to meet 
Qa in y, and through y let yS 
be drawn parallel to the radius of 
curvature qa. Now it is plain, 
from the construction above 
given, that a a, the element of 
the curve, is equal to A 8 + 8 a. 
A8 = Cy=oc— oc= ab — 

AB = h' — h = dh. We also have 8a = yS x Aqa= ob. 
X angle Aqa = pd\, writing p for the perpendicular ob, and 
X for the angle made by this perpendicular with a fixed axe 
passing through o. Introducing these ultimate ratios, writing 

c 3 




22 

ds for the element of the curve, and taking cf A as the inde- 
pendent variable, 

ds dk 

dK^ P '^ dX 

In the proof of this theorem now given, the radius of cur- 
vature is assumed to be greater than p. Should it however be 
less, the expression will in that case become 

ds dh 

dX~ ^ ~ ~dK 

Integrating this expression, we obtain the equation 

s = fpdx ± k . . . (30). 

Should the points o and Q be on opposite sides of the curve 
the formula will become 



■= h — I pd\. 



XIII. It is obvious that when the perpendicular p is equal 
to the radius of curvature, at such a point of the curve tt = 
or h is there either a maximum or a minimum. 

XIV. It may also be shown that ~- = A; for cy=ca—ya 

:= ca — CA = p' — p = dp; we have also oc ■=h + dh and 
the angle Coc = dK, whence dp ■= (h -\- dh) d\, or omitting 
dh . dk aa being a quantity of the second order, we obtain the 
limiting value 

h = '£ .... (31). 

XV. We shall now proceed to establish a formula analogous 
to (30), for the rectification of a spherical curve, the intersection 
of a cone of any order with a concentric sphere. 

Let a point be assumed on the surface of the sphere as pole, 
and through this point a tangent plane (2) to the sphere being 
drawn, the cone whose vertex is at the centre of the sphere, and 
which passes through the given spherical curve, will cut this 
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tangent plane in a plane curve where rectification may be 
effected, when possible, by the formula (30). Now, a tangent 
plane (T) may be conceived as drawn touching the cone, and 
cutting the tangent plane (2) to the sphere in a right line h, 
which will be a tangent to the plane curve, and also cutting the 
sphere in an arc of a great circle touching the spherical curve. 
Let the distance of the point of contact of the line h with the 
plane curve from the centre of the sphere be B. Through the 
centre of the sphere let a plane (11) be drawn at right angles to 
the right line h. Now this plane (11), as it is drawn perpen- 
dicular to h, is perpendicular also to the planes (2) and (T), 
which pass through h. As it is perpendicular to the plane (2), 
it must pass through the point of contact of (2) with the sphere 
and cut the plane curve in a right line p, which passes through 
the pole, the point of contact of (2) with the sphere. This 
line p being in (IT) must be perpendicular to h. The plane (n) 
will also cut the surface of the sphere in an arc ts, of a great 
circle perpendicular to the tangent arc to the spherical curve ; 
for these arcs must be perpendicular to each other, since the 
planes in which they lie, (n) and (T), are at right angles, and 
pass through the centre of the sphere. Let p be the distance of 
the point in which the plane (11) cuts the right line h, to the 
centre of the sphere, r the distance of the pole of the plane 
curve to the point in which h touches it ; then, to those who 
follow this construction, it will be manifest {k being the radius 
of the sphere) that 

■B? = k^ + 7-S p2 = A' + p^, R" = p« + A'' . (32). 

Let ds be the element of an arc of the plane curve between 
any two consecutive positions of B indefinitely near to each other ; 
kdiT the corresponding element of the spherical curve between 
the same consecutive positions of E. Then the areas of the 
elementary triangles on the surface of the cone between these 
consecutive positions of B, having their vertices at the centre of 
the sphere, and for bases the elements of the arcs of the plane 
and spherical curves respectively, are as their bases multiplied 
by their altitudes. Let D and A be those areas, then 

D : A :: Yds : kda- x k. 
But the areas of triangles are also as the products of the sides 

C 4 
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into the sines of the contained angles, i. e. as the squares of the 
sides into the contained elementary angles, or 

D : A :: R^'rfo- : A^rfo- : R'* : ]c\ 
eliminating the ratio D : A 

d<r = ^^ds . . . (33). 

Let A be the angle which p or w makes with the arc of a fixed 
great circle drawn through the pole. We may take this quan- 
tity as the independent variable. Then the last equation becomes 

da- P ds 
d\~~^dx'' 

Substituting in the formula -p- = p + — given in Sect. (XIL) 



dx~^^ dK 
dA. 



ds 

the value of — as expressed in the preceding equation, we find 



dj^_Fp F_dk ... 

rfA ~ R' R^rfx * ■ • ^ >*• 
Now «r being the arc which p subtends at the centre of the 
sphere, p = F sin ct, p'^ rr r^ — A^; introducing those trans- 
formations into the last formula, 

da- . 1 r dh ,„ . 1 ., , 

^=sm^ + -,|p^-/.^sm^ I . (b). 

Butsin^^^,A=^,^=^,p4?=p^ (c); 
p' dx' dK d>?' d\ ^ dK ^ ■" 

making those substitutions in the preceding equation, 
da . If d^p dv dpt 

dK » I dK^ dK dKj ^ ^ 

We now proceed to show that the last term of this equation 

is the differential of the arc, with respect to K, subtended by h 

at the centre of the sphere. 

h F 

Let this arc be r ; then tan t=-, cos t = - 

P R 

differentiating the former of those equations, and eliminating 
cos T by the help of the latter, 

dr _ I r dh 7 ^^'l 
dK~ Fi^\^dK~ dKj 

(31) gives A = g. Whence l^ = g; 
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substituting in the last equation those values, 

d\ bH d\^ d\dKy 

Subtracting this equation from (d), we obtain the final result- 
ing equation, 

da- . dr . 

j^ = am VT + —, or integrating 



■ =jdf^ [ sin w] + T . . . (34) . 



a formula for the rectification of a spherical curve analogous to 
(30) for the rectification of a plane curve. As the latter may 
be expressed by a definite integral and a finite right line, so 
may the former be represented by a definite integral and an arc 
of a circle. 

XVI. This formula serves a twofold purpose, for it will also 
enable us to give the quadrature of the supplemental figure on 
the surface of the sphere. Let p' be that radius vector of the 
supplemental figure on the surface of the sphere which is the 

prolongation o{ v, p' + ■sr = -, and therefore sin nr = cos p', k 

remains the same in both curves; whence 

I s,m IS dx =1 cos p' dx. 

But it was shown in (6) that the expression for the area of a 
spherical curve is 

area = /(I " cos p') d\ = X — /'sin -a dX . (35). 

Thus the proposition established in (X.) as to the reciprocal rela- 
tions between the rectification and quadrature of supplemental 
spherical conies of the second order, is shown to hold with respect 
to supplemental conies of any order described on the surface 
of a sphere. 

XVII. To apply the formula (34) to the rectification of the 
spherical ellipse. 

Let, as before, A and B be the semlaxes of the plane elliptic 
base of the cone, r the central radius vector drawn to the point 
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of contact of the tangent h, p the perpendicular from the centre 
on this tangent, A the intercept between the point of contact 
and the foot of this perpendicular, X the angle between p and 
A. Let a, (3, p, u, T, be the angles subtended at the centre of 
the sphere, whose radius is k, by the lines a, b, r, p, h ; we shall 
consequently have A = A tan a, b = A tan fi,r=kta.np,p=k tan or, 
and A=P tan t. 

Now in the plane ellipse p^ = a^ cos^ X + b'' sinz x ; therefore, 
in the spherical ellipse 

tan2B7 = tan'^acos''x + tan2^ sinU, . (36). 
Whence, sec^ i!r= sec'' a cos' X + sec'' /3 sin'' X 
dividing the former by the latter 

. , tan* a cos'' X + tan'' S sin'' X /o^\ 

see'' a COS'' X + sec^ p sm'' X 

Introducing this value of sin or into the general formula for 
spherical rectification, the resulting equation will become 

. = rdJ '^K°'""'l^t'^"^S ""M ^ - r ■ (38). 
J Lsec^ a cos-' X + sec^ p sm-" X J ^ ' 

The sign of t is determined by the sign of A in (30), the 
formula given for the rectification of the plane curve. In the 
plane ellipse when X is measured from the major axe A is nega- 
tive, and therefore t also is negative. 

XVIII. To reduce this equation to the usual form of an 
elliptic function. 

Assume tan $'= cose tan X, .... (39). 

COS OL 

e being the focal angle, and therefore coss = ^, see (13). 

cosp ^ ' 

Introducing this relation into (38), we obtain 

da- _ cos a cos/3 [sin" a — (sin" a — sin''/3)8in"ip'] 

df' [cos"a + (sin"a— sin''/3)sin"<fs'] •v/6in''acos"ip' + 8in''/3sin''ip' 

cos a ^ „ cos"/3 — cos" a sin"a — siu" B. 
as cose = ;;, tan-* e= 5 = ;; — 

cosp COS^a cos" a 

It has already been shown in (21) that sin" >) = ^^° « — sm p 

sm"a 

making the transformations suggested by those relations, and 
reducing, we obtain the following equation : 
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~ C0Sa8ina^{l- 



d<t,' 



>s /cos /3 /* d^' 

/sin a ^ Vl-sm2.j 



isin^f 



■ (40); 



an elliptic function of the third order, with a positive parameter, 
and therefore of the circular form. 

XIX. We shall now proceed to show that the elliptic 
functions given in the preceding formula, and in (22) have the 
same amplitude, or that the angles of reduction f and ^' are 
identical. 

In an ellipse, if 4* and X are the angles which a central radius 
vector, and a perpendicular from the centre, on the tangent 
drawn through its extremity, make with the major axis, we 

32 
know that tan r]/ = -= tan X, A and B being the semiaxes of the 

A 

tan* 6 
curve. Hence in the spherical ellipse tan ^ = - — ^— tan A. 

Introducing this value of tan 4/ into (8), and reducing 

5 2 iaf tan* a cos* A + tan" ^ sin'' X 1 rA^\ 

cos* p =cos^ a cos' p - — 5 5^ — , , , , — 5a 2 — =~rr (* ^ > 

"^ Ltan* a cos* p COS* X + tan* p cos-* « sm* xj ^ '^ 

Comparing this value of cos p with its value in (19), in which it 

was assumed that 

2 sin* a cos* ^ + sin* /3 sin* ^ 

^°^ P ^ tan* a cos* f + tan* /3 sin* 9' 

after some reductions we get tan f = cos e tan X . (42). 

But tan 9' is also equal to cos e tan X, being so assumed in (39) ; 

whence 

ip = p' . . . (43). 

It follows from this that the amplitudes of the elliptic functions 
given in (22) and (40) are the same. They represent, therefore, 
the same arc of the spherical ellipse, and may consequently be 
equated together ; we have accordingly 

tan/3 -. .r df " 

tana^"* P/ ^j _ gs sin*^} ^1 _ sin*.? sin*^" 

cosiS r 

J a sin a^/ { 1 



cos 

cos a cos j8 
~" sin 



+ tan*£ sin^} Vl —sin*.) sin* 

acosjG /^ d^ 

in a j/ Vl — sin* 



'ri sin^^ 



(44). 
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We thus see how an elliptic function, with a positive parameter, 
may be made to depend on another with a negative parameter, 
less than 1, and greater than sin* ij. 

We are thus in a position to show that, when any elliptic 
function of the third order and circular form is given, whether 
the parameter be positive or negative, we may always obtain the 
elements of the spherical ellipse, of whose arc the given function 
is the representative. 

First let the parameter be negative, then as 

, tan* a— tan* ^ , . „ sin^a— sin^/S . . a fnt\ 

e* = 7 — 5 -, and sm^ >] = ^-5 , see (12) and (21), 

tan* a sm* a. ^ ' ^ ' 

reducing 

tan* « = /;-f°^\, , tan* ^ = !l^l|^, (45). 
sm* >j (1 — e*) sm* r\ ^ ■' 

Writing the given elliptic function in the usual form, with the 
ordinary rotation, and with a negative parameter. 
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{\ — m sin* <p) a/ 1 — c* sin^ ^' 
where m — e^ and c = sin »j, we get 

tan* a = Tr7'\' t^n* ^ = ^^-^' . (46). 

The coefficient of the elliptic function given in (22), sin ^, 

is the square root of the criterion of circularity ; for 

It is evident from the values of tan^ a and tan* /3, given in 
(45) or (46), that when the parameter is negative it must be 
less than 1 and greater than c*, otherwise the expression for 
tan a would be imaginary. 

XX. Let the given elliptic function have a positive para- 
meter. Adopting the usual notation, it may be written 

d(p 



A 



{H-Ksin*p} Vl— c*sin*^ 
In (40) it was shown that tan* e = n, c = sin )], 
But tan* e = ^i^'^^-Bin^/S^ 3!^. , = .u>?.-y.v?^^ 



sin* a. 
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Whence tan=a=^. tan^ ^ = ^?^4JlZ!!b;l) 

or, tan^a = " tan^/3=?LlLz^) . . (48). 

The values of tan a, tan /3 given in the preceding equations, 
show that there is no restriction on the magnitude of n, when n 
is positive. 

XXI. To express the arc t in terms of A and (p. 

It was shown in Sec. (XV.) that tan t = -, whence 

2 _h^_ h^p^ _ ( a2 - B'tain" ^ cos'' X 

'^- p2 - p2^a - ^2 + a2 cos!* X + B^ sin*A} {A^ cos^ X + B^ sin^ X} 

Introducing into this equation, the relations k tan a = a, 

r . n , a'^-b^ , ., sin^ a — sin" /3 . 
k tan ^ = B, e" = ^^ , and sm= e = ^^^^^ , it 

becomes 

e'^ sin a. sin X cos X f.a\ 

tan T = =^ — ■ , . „ • !,'*''> 

■V 1 — e* sm'-' X V 1 — sm^ e sm^ X 

XXII. To express tan t in terms of the amplitude f . 
Assuming the relation established in (39), tan ip = cos e tan X, 

and introducing this condition into (49) we obtain, 

e tan £ sin e cos / cr\\ 

tan T = ., .-^—.-^ ' • (^0> 

V 1 — sin'' )) sin'' 9 

Substituting this value of tan t in (44), and transposing 

cos ^ P rfip 

cos a sin aj {1 +tan^ e sin' ip} ■/! — sin'' jj sin* 9 

■ tan a ®"^ V (1— e'^ sin'' 9} Vl—sin'' ij sin* (^ 

cos a cos /3 /» rfip ^, _, P gtanesin^ cosy "! 

~ sin « ^/ Vl— sin*>i sin' ip \ -v^l— sin'ijsin ipj 



(51). 



If we now adopt the notation of Legendre, and write n for 
tan* 6, m for e*, c for sin jj, and thence deduce the values ot 
sin a, cos «, sin ^, cos /3, in terms of m, n, c, we shall meet with 
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the well-known formula for the comparison of the two circular 
forma of elliptic functions of the third order, 

'1 + n\ _ , V /I — »n> 



(i±i!)n.(„.rt-(i^>,.(_™,,) = 

Fc (f) + JL tan f ^^^Lfl^i^il 1 
V y Vmn I Vl — c^ sin* a J 



mn 



(52). 



We have thus obtained the true geometrical interpretation of 
this cardinal formula in the comparison of elliptic functions. It 
follows, therefore, that the circular forms of the third order, 
whether the parameters be positive or negative, are the transcen- 
dental expressions for the arcs of spherical ellipses, whose principal 
arcs, and therefore the ellipses themselves, may be determined 
from the constants of the given expression by the help of (46) 
or (48). The extent of the arc may in like manner be defined 
from the equation connecting the amplitude with the angle 
which the perpendicular arc, from the centre on the tangent, 
makes with the major principal arc. This angle may for dis- 
tinctness be termed the normal angle. 

XXIII. It remains now to exhibit the class of spherical 
conic sections whose rectification and quadrature may be effected 
by elliptic functions of the first order. M. Gudermann in 
Crelle's Journal, and M. Catalan in Lionville's Journal, have 
shown that the rectification and quadrature of the spherical 
ellipse depend on elliptic functions of the third order and cir- 
cular form. It has not however been shown hitherto, so far as 
the author is aware, that the curve whose rectification and quad- 
rature depends on an elliptic function of the first order, is also 
a spherical conic section, whose principal arcs are connected by 
a simple relation between the tangents of the semiangles of the 
generating cone. Geometers, indeed, while searching for the 
type of this order, have been led to the consideration of certain 
curves more or less complex, whose rectification might be 
effected by an elliptic function of the first order. Of those 

curves, one of the simplest is that devised by Legendre tho 

envelope of perpendiculars drawn to the extremities of the diame- 
ter of a plane ellipse. No analogy, however, was shown to exist 
between the geometrical relations of the curves so constructed 
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and the fundamental properties of functions of this order. Those 
properties have had no geometrical representative. No geome- 
trical interpretation, for example, was given of the modular 
transformations of Lagrange, by vyhich the moduli and ampli- 
tudes of a series of elliptic functions are connected together, 
either in an ascending or descending series, until the expressions 
terminate at the extreme limits in circular or parabolic arcs. 
Those properties we shall now proceed briefly to develope. 

The curve which is the gnomonic projection of the parabola, 
the focus being the pole, may be rectified by an elliptic function 
of the first order. 

Let a sphere be described touching the plane of the parabola 
at its focus. The spherical curve which is the intersection of 
the sphere with a cone whose vertex is at its centre, and whose 
base is the parabola, may be termed the spherical parabola. 

To find the polar equation of this curve. 

The polar equation of the parabola, the focus being the pole 

is r=- — p, ff being one fourth of the parameter of the pa- 
rabola. Let y be the angle which ff subtends at the centre of the 
sphere, and p the angle subtended by r, then, 

2 tan y .,„-. 

tan p = r— '-r (53). 

'^ 1 4- cos v|; 

Let p' be the perpendicular from the focus on a tangent to 
the parabola, ft the angle which this perpendicular makes with 

the axe, then p' = — ^ ; whence in the spherical curve as p' = 

■^ COSft 

k tan vt', ff ■= k tan y 



, tan y , 
tan •»'= and 

COSjM. 

sin y 



Vl — cos^ysin^jtt 



(54). 



* The expression for a perpendicular arc from the focns of any spherical ellipse 
on a tangent arc to it may he found as follows : — 

The spherical triangle, p. 13, art. ir., fof', inirhich off' = ^ or = ^-■^, 
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Introducing this value of sin «r' into the general formula for 
spherical rectification (34), we ob- 
tain, 

r d(^ 

0- = sin y / — . „ + T. 

J a/1 — cos' y sinV 

Now as T, sr', and /* are the sides, 
and an angle of a right-angled sphe- 
rical triangle, since 2 ju,=: vj/, we get 
by Napier's rules, tan t = sin w' tan ft, whence 

r- d _i f sinytan/i 1 ,,,. 

<r 31 sin y A— ===== + tan ' \ ., , • o h (55). 

y A/l—cos^yBin^ju, L Vl— cos^ysin^l^. J ^ 



XXIV. When the sphere becomes indefinitely great, the 
spherical parabola approaches in its contour indefinitely near to 
the plane parabola, k being the radius of the sphere, sin y = 

tan y=j; since y in this case is Indefinitely small: whence cos^y 

=: 1, and kd<r = ds. In this manner (55) may be transformed 
into 



T „ . Sin to" — cos 2 c Bin ■=" 

OF' = r— "", gives cos 14 = ; ; i 

2 ° Sin 2 e cos W 

from (5) we have sin w' sin in" = sin (o + e) sin (o — €), eliminating sin lij" 
between those equations, we obtain, after some reductions, 



2 sin'f . cos* e cos' >i + (sin' o — sin' f ) cos 2 e + sin e cos e cos ft Vsin' 2 a— sin* 2 e sin' /i. 
sin' ■«'' = ^ (1 -sin' 2 f sin' /I) 

When the curre is the spherical parabola, a + e=-, a — « = 7, 

and the preceding expression becomes sin to' = — ^ ^j. jjn bj' _ i 

V 1 — cos' 7 sin* /I 

as we take the sign — or + . 

The locns of the foot of this perpendicular is a great circle touching the spherical 
parabola at its vertex. Draw the tangent circle at A, and produce the perpendi- 
cular to' until it meets this tangent circle in d. Write 5 for this produced perpen- 
dicular arc Hence in the right-angled spherical triangle do A, cos n = tan y cot S 

tan 7 ^ tan 7 .__t, 

or tan 8 = -— — . But tan to' = . Whence ■a' = 8. The second value of 

cos /i cos fJi 

to' when the circle is drawn touching the spherical parabola at the other vertex b 
is -, as shown above. This is mauifestly the true value of to', since the focus 
F is the pole of the great circle touching the carve at b. 
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s — g I + a — »- > the established formula for the 

rectification of the plane parabola. 

When, on the other hand, the sphere is indefinitely small, com- 
pared with the parabola, y approximates to a right angle, and 
(55) becomes modified into 

« = ft + tan -' (tan in) = 2ju., as it should be, for 2 |u. is the 

angle which the radius vector p makes with the axis. 

"We shall presently find the notice of those extreme cases 
useful. 



XXV. Although this curre haa been named the spherical 
parabola, as indicating the mode of generation, it is in fact a 
closed curve, like all other curves which are the intersections of 
cones of the second degree with concentric spheres. It is 
a spherical ellipse, and we shall now proceed to determine its 
principal arcs. 

Let A D V be a parabola, Q its n 

focus, o being the centre of the 
sphere, which touches the plane 
of the parabola at Q, and being 
also the vertex of the obtuse- 
angled cone, of which the parar 
bola A D V is a section parallel 
to the side of the cone o B. Let 
Q O A = y, a and |3 being the 
j)rincipal semiangles of the cone, 

whence 







tan' a = 



1 + tan; 



1 — tan - 



y • Y 
cos ^ + sm ^ 

y • y 
cos - — sin ' 

2 2 



or tan'-a = 



1 + siny 
I — siny" 



To determine the angle ^. 

Bisect the vertical angle AO b of the cone by the right line o D, 
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2 

draw the ordinate D T of the parabola. Then tan'/S = — s-k . As aod 

OD 

18 an isosceles trianglCj ad = ao = . od = ~ 



cosy sin a 

OQ 



, and AQ = OQ tany. We have also, as DV is an 



sm 



(M) 

2 a siny 

ordinate of the parabola, DV =4aq. ad = 4oq ^^^ 

hence substituting 

2 siny 



tan^ /3 = 



1 — siny' 

We may hence deduce the following important proposition : 
The spherical ellipse, whose principal arcs are given by the 
equations 

. , 1+siny „- 2 siny ,,„. 

tan'a = ^j ; — -', tan^p = ^i t^ — . (56) 

1— smy 1— siny 

(7 being any arbitrary angle), may be rectified by an elliptic 
function of the first order. 

Write X for tan"a, y for tan /3, and eliminate sin y from the 
preceding equations, the resulting equation will become 

the equation of an equilateral hyperbola. We thus arrive 
at the following proposition : 

Any spherical conic section, the tangents of whose principal 
semiarcs are the ordinates of an equilateral hyperbola, whose 
transverse semiaxis is 1, may be rectified by an elliptic function of 
the first order. The quadrature of a spherical conic may be 
effected by an elliptic function of the first order, when the co- 
tangents of the halves of the principal semiangles of the cone are 
the ordinates of an equilateral hyperbola, whose transverse semi- 
axis is 1. 

XXVI. When we take the complete function (55), or in- 
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tegrate between the limits and ^ ; we get, not the length of 

a quadrant of the spherical parabola, as we do when we take 
the centre as origin, but the length of two quadrants or half 
the ellipse. We derive also this other remarkable result, that 
when iJL is a right angle, the spherical triangle, whose sides are 
the radius vector, the perpendicular arc on the tangent, and the 
intercept of the tangent arc between the point of contact and 
the foot of the perpendicular, is a quadrantal right-angled tri- 
angle, or its sides are all quadrants. For when /^ = 5 

XXVII. It may easily be shown that the arc of a great 
circle, which touches the spherical parabola, intercepted be- 
tween the perpendicular arcs let fall upon it from the foci, is in 
every position constant and equal to a quadrant.* 

If we take the spherical conic supplemental to the given 
parabola, the foci of this latter are the extremities of the minor 
principal arc of the former, and the cyclic arcs of the former 
are tangents to the latter at the extremities of its major prin- 
cipal arc. 

XXVIII. Resuming the equations given in (56), which 
express the tangents of the principal semiarcs of the spherical 
parabola in terms of sin y, namely, 

1 + siny , „ - 2slny 

tan'a= . . S tan^^ = -j -.-^, 

1 — siny 1 — smy 

we may easily deduce 
, l-siny , 1— siny . ^ fl— siny "J 2 

whence tan^ e =: e" = sin ij =: cos'' /3. 



* As sin 10' = , and sin 15' sin w" = sin 7, see (5), we must have 

V 1 _ cos' 7 sin' ^ 

sin ro" = •v'l — cos''7 sin'^' Hence as W = -_ ro, "" = - - f'o, 

cos F o.cos r o' =sin 7 = cos ff : or the angle fof' is a right angle. {Fig. p. 13.) 
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XXIX. We now proceed to rectify the spherical parabola 
by the help of the ordinary formulas for rectification, the centre 
being the pole : by this method some very curious geometrical 
results will be obtained, which have hitherto appeared as mere 
analytical expressions. In (22), the following expression was 
established for the arc of a spherical ellipse measured from the 
major arc, the centre being the pole. 

_ tan/3 . p d(p 

tan a Pj ( 1 — e^ sin^ 9) V 1 — sin^ ij sin^ ip 

Or substituting the values of the constants given in the pre- 
ceding equations. 

2 sm 7 ^ 

a = 



1 + sin 7 



J\^ - (1^3 ^"^'^W' - (1-^3^^^'^ ''''■ 



But when the focus is the pole, we found for the arc of a 
spherical parabola the expression 

P du. , , r sin y tan u. 1 

<r=Bmy/ '^ h tan"' \ , \^ 

^ V 1— cos^y sin2;a. I vl — cos^ y sin^ ft J 

Equating those values of a-, we obtain the resulting equation 



d^ 



2sm7_ / n-sm7\ .,^? /, /■l-sin7\2.. 
1 + 6m 7 I \\ — \ -, : — sin' <* }• A /I — -. sin" (p 

f dfiL _ , r sin 7 tan \i. -i 

—fxayt ^j _ cost ^ gini ^ y^x— cos' 7 sin'/i J 



(59). 



XXX. We shall now show that the amplitudes f and ft in 
the preceding formula are connected by the equation 

tan (ip — /i) = sin y tan /x . . . (60) ; 

a relation long ago established by Lagrange. 

Let ■m and isr' be the perpendicular arcs from the centre and 
focus of the spherical parabola on the tangent arc : X and ft the 
angles which those perpendicular arcs make with the major 
principal arc. The distance between the centre and focus of 
the spherical parabola, with the complements of those perpen- 
diculars, constitute the sides of a spherical triangle. We shall 

therefore have sin- X = sin"^ \i. — ^ — , . . . (a). 



37 

Now sec^ w = sec* a cos" \ + sec"- j6 sin- A. See (36). 
Or, writing for sec a, sec ^, their particular values in the spher- 
ical parabola as given in (56), 

sec^CTsr 2— (1— siny) sin^X 
1 — siny 

A . ^ , tan y tan" y + cos' w.. 
Again, as tan m' = -, sec'w'rs ^—5 *- 

cos jU. cos-' |U. 

Introducing those relations into (a), we obtain, after some 
reductions, 

. , 2 ( 1 + sin y) sin- m. cos^ «• , . 

sm^ X = — ^ — :r^ '-i r-^ — ; or reducing 

1— cos'^y sin*, a ° 

2 + cot-* /K, + sin'^ y tan-* fx. 

Adding to and subtracting from the denominator of this ex- 
pression the quantity 2 sin y, we find 

sin^x=. 20+^inyL 



'2(1 -f sin y) + (cot ^ — sin y tan jm.)" 

Reducing, we obtain 

2(1 +siny) 



tan^ X = 



(cot jLt. — sin y tan ju.)" 



In the case of the spherical parabola, cos^e = ^ > 

1 + sin y /I X 

whence cos =- tan X = --^_— j— -^-— . . . (b; 

tan ft + si n y tan /x 
or, cos 6 tan X ^^.tan ,. sin y tan ^.^ 

The second member of this equation is manifestly the expres- 
sion for the tangent of the sum of two arcs /* and v, if we make 
tanv=8iny tan ju^, 

hence cos e tan X = tan (ft + v). 

5ut in (39) and (42) it was shown that tan f n cos ; tan X, 
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whence tan (p = tan (ja + v), or ip = jx + v, or (ip— ju.) = v ; 
whence tan (p— /A)=tan v = sin y tan ft. 

A geometrical interpretation of 
Lagrange's theorem tan (<p — jj.) 
= sin y tan /x, may easily be 
given by the help of the spheri- 
cal parabola. At the extremi- 
ties A and B of the major prin- 
cipal arc 2 a of the spherical 
parabola, let great circles ad, 
BC, be drawn touching the 
curve. Then the focus O is the 

pole of the great circle bc. Let OD be the perpendicular arc 
from the focus O on the tangent QD. The point D is in the 
great circle touching the curve at A. (See p. 32.) Let ad = v^ 
AO = y, and the angle AOD = BC=ft. In the right-angled 
spherical triangle aod, sin y = tan v cot jx, or tan v=siny tanju.. 
Whence tan (ip— ft) — tan v, or ip — /* = v, 

or(p=/x + v. Whence <p = AD + BC ; 

or the amplitude 9 is the sum of the arcs of two great circles, 
touching the spherical parabola at the extremities of the princi- 
pal major arc of the curve, intercepted between those points of 
contact and the perpendicular arc doc let fall from the focus O 
on the tangent arc dq to the curve. 

Hence while the original amplitude /x is equal to an arc of 
the tangent circle at B, the derived amplitude p is equal to the 
sum of two arcs of the tangent circles drawn at A and B, and 
given by the same construction. 



XXXL To show that 
d ^ 



J ^\- 



cos^ y sin^ /a 1 + 



.y V vi+smyy 



sin' If 



the amplitudes 9 and ft being connected by the relation estab- 
lished in the last section. 
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tan (f — fi) = sin y tan ju. 

From equation (b) in the last section, since tan (p=coae tan K, 
we find 

cot ? = °^^ ^ -»^ y *^° ^ . . . . (c) 

1 + sin y ^ ' 

Differentiating this expression with respect to f and ft, 

(1 + sin y) rfip _ cos''iu. + Bin y sin°/x 
sin* ip djtt ~ cos^ ju, sin'^ /x 

equation (b) in the last section gives 

tfin^ f- (1 + sin y)" sin'' /x cos" ju. 
(cos'^ju.— siny sin''ju.)2 

whence, after some reductions, we obtain 

sin^ ? = g + sin y)^ sin V cosy 

^ l-cos^ysinV ' * ^^ 

multiplying this formula by the modulus ( ~ ^'° ^^ and 

\1 + sin y/ ' 

reducing, we find 



(d) 



(g) 



"v 1 — cos'' y sin^ fi 



^1 '• n'o _ ^ A — COB' y sm'' u. /fx 

/I— Smy>* . „ = 5 r-^ r-^' (i) 

^ ~ ( l + siny j ^"^ ^ ''°' f^ + em y sm^ ft 

Multiplying together the left-hand members of the equations 
(d), (e), (f), and also the right-hand members together, we find, 
dividing by (l-|-sin 7) and integrating, 

/" /^ ^ 1-siny V . ,, = (^+^'°y) r/ t^ • . (61)- 

This is the well-known relation between two elliptic integrals 

of the first order whose moduli are cos y and r-; — : — - ; or, usin? 

' 1 -I- sm y ° 

the common notation, whose moduli are c and ^3-1 respectively, 
b being = a/1 — c'^ ! the amplitudes being connected by the 
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relation tan (<p — w) ■= b tan jtt, and Fc(fi) = j-Xa !''■•' (f)- 

XXXII. "When a quadrant of the spherical parabola is 

taken, iP = h> »"<i (^0) gi^^^ ^an /* = —==, andT = -- 
J, V sin y * 

, . sin y tan u, 

Let T be the arc whose tangent is — „ — .- „— ' 

v 1 — cos- y sm'' ju. 



2 sin y sin /i cos ,u. -v/1— cos^y sin-ft ^ ^.x 

then tan 2t= cos^T^Iin^ y sinV ' ^^^ 

and if we multiply together ( f ) and (g) we shall find, 

tan i)> 



Vi 1 — sin 7\ 2 . . 

comparing together G) and (k), we get, 

2 siny ^ 
tan 2t = Y-; — tJ— tan f 
1 + siny 



( 1 + sin 7) sin in cos /t V 1 - cos' 7 sinV 

cos' li — sin' 7 sin' (i 



(k) 



T = \ tan-' 



^l_(i^)%inV 
V \1 + sinyy 

/ 2 siny \ 
V Vl + smyy 



(62). 



We are thus enabled to express t the portion of the tangent 
arc between the point of contact and the foot of the perpendicu- 
lar on it from the focus in terms of ^ instead of ju,. 

If now we introduce this value of t into (59), and combine 
with it the relations established in (61), the resulting equation 
will become 



r ' d^ / ' d^ 

7 ("l - C " ''° A ^i°' 1 V^l - (|^^l^)%in- f ^/v^l - (\-^^^\\^^ 

*J \ \1 + sm7/ J \1 + sin 7; ^ t/ \1 + sin 7^ 

\\ + sm 7/ 



/I + sin7\ 
\ 2 sin 7 ' 



(63). 



V/1 -sin7>2 . 



J 
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Adopting the ordinary notation of elliptic functions 

1 — slny , , 2 sinv 

n= —c=-. : — '-, whence 1 + c = r^— 

1 + 8iny 1 + siny 

the last formula will become 

In the Traite des Fonctions Elliptiqves, tom. i. page 68., we 
meet with the formula, 



„ , ^ „ rc^ \ , ^ 1 f a tan a I 

n .(„, ^) + n^, ,) = ^, (,) + ^ tan-. 1 :7Y=A? I (64). 

Now when n = — c, this formula becomes 

1 , r (1 + c) tan* -i 

2 n. (-C, ^) = r.(^) + y^^ tan "' [)^_[.^^.] (65). 



Now when n = — c, this formula becomes 

(1 + c) tan(^ 

Whence (63) and (65) are Identical. 



XXXIII. Let us now proceed to rectify the spherical para- 
bola by the formula for rectification given in (40), the centre 
being the pole. For this purpose resuming the formula for 
spherical rectification established in (40), and deducing the values 
t)f the parameter, modulus, and coefficients in that formula from 
the given relations, 

1 + siny 2 siny 

tan^a = , -. — - - tan^p = ~ .-J— ; 

1 — sm y ' 1 — sin y 

we get the parameter tan'e = cos^|3 = — - — -. — . . (a^ 

The modulus sin rj = cos's = fy—A^j . . (b). 

The coefficient . ""^^ = :;— — = — • (c). 

sma cos a 1 + smy ^ 

The coefficient ^^^^^^ = i^?!^ . (d). 

sma 1 + smy 

1 — siny , ns 

etanE= _ , ■ ^ • ■ (f). 

1 + smy 

makino' those substitutions in (40), the resulting equation becomes 
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arc = 



1 + siny 



-r/{i+([:^ 



d(p 



=^^^-^'^'-(^1""' 



amyj 



l\ — sin 7\ 
\1 + sin 7/ 



sin <p cos (p 



/-> d* _l \1 + sm7/ 

/ ===^^==^=:^ tan 

/l^liJBJ:) / ^ /l - (Lz4i2\^ ein' 4. , /l - (L=i!il>)^ sin' 

But from (55) the focus being the pole, we get 



= sin V / — '^ + tan ■ . 

"' y v' 1 _ cosV sinV L^/l- 



cos^y sva^jj.- 



In (61) it was shown that 

V 1 - cosV sinV " 1 + siny J /\/l- ( ^^"'j^ j'sin^? 

Introducing this relation into the last formula, and equating 
together the equivalent expressions for the arcs, we obtain the 
resulting equation : 

^2 i_^ /T d<^ 

^JU + (l^li^) sin>}v/l-(i^:4^)%in.^7v/l-(i:i^) 
•^ |_ \1 + sin 7/ J \1 + sin 7/ ^ *^ \1 + sm 7/ 

!(■; ■■ — ) siu((>cos(f r . ■» 

\l+sm7/ . ,[ sin7tan/u I 

/ /l-sin-y\2 + ^' +s'P7)tan-'-^ ■ === I 






(67> 



XXXIV. "We shall now proceed to show that the common 
formula for the comparison of elliptic transcendents with the same 
modulus and amplitude, but reciprocal parameters, is identical 
with the geometrical theorem just established. To prove this, it 



must be shown that j-. r tan-' -! \ _) ^ f I 

(1+n) L v/l-n^sin^ipJ 



= (l+8in 



. X ♦,„_] C c tani sm0 co8« ) ,, . | r 

y) tan— 'J '^ ^ C+(l + ainy)tan — ' J 



sin y tan ^ 



I 



If we write t, 5, d, for those angles respectively, and tan'£ for n, 

1 — siny , 

°^ " ~ 1 I , „ » we have to show that 
1 + smy 
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T = 2 (fl + d) 

(fl + 3) is the arc of the great circle, which touclies the spherical 
parabola, intercepted between the perpendicular arcs, let fall 
from the focus and centre upon it. 

We must, in the first place, by the help of the equation of 
Lagrange between the amplitudes, established on geometrical 
principles in (xxx.), reduce those angles to a single variable. 
ft- is taken as the independent variable instead of $, as the tri- 
gonometrical function of ft in terms of <f) is in the first power 
only. We have therefore, 

2 tanip 



tan T = — 

(1 + smy)Vl - sin^.jsin^'f 

, . (1 — siny) . 
tan 8 = i-j — ; — -. — '-' sin a cos <p 
(1 + smy) ^ 

Vl — sin^'j) sin'^(p 

.„^^- siny tan ^ 

Vl — cos^y sin'^/x 



(68). 



The relation between the amplitudes ip and ft is given by the 
equation of Lagrange ; 

. /^ ^ • . . (1 + siny) sin ju. cos ft 

tan ( 4> — ft) — smy tan ft, or tana = -^ = '-A . „ 

' cos^'ft — siny sin^ft 

Eliminating 9 by the help of this expression from the value of 
tan 9 given in the preceding group, we find 

. _ (1 — siny) sin ft cos a cos^'ft + siny sin^ft 
-v/1 — cos-^y sm-'fi cos- ft — smy sm^'ft 
using this transformation and reducing 



tan (^6 + S) = tauft V 1 — cos'y sin'' ft 



(69); 



a very elegant expression for the length of the tangent arc to 
the spherical parabola between the perpendicular arcs let fall 
from the centre and focus upon it. 

From the last equation may be obtained 



tan 2 (9 + ^) = 



oinft cos ft '^ I — cos'y sin' ft 
cos^ft — sin'y sin^ft 



(70). 
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Using the preceding transFormatlons, it may also be shown tliat 



2 sin a cosu. -v^ 1 — cos^Y sin'^fi 

tan T = — J-!- ^-5 ,—r^ — !- 

cos* ft — sin'' y sm* /x 

whence tan t = tan 2 (6 + S), or 

T = 2 (« + d) . . . . (71). 

We have thus shown that in the particular case of the general 
formula for comparing elliptic functions of the third order with 
reciprocal parameters, when the parameter is positive and equal 
to the modulus, the circular arc in the formula of comparison 
(67) is twice the portion of the arc of the great circle, touching 
the curve, and intercepted between the perpendicular arcs, let 
fall from the focus and centre upon it. 

If we take the parameter with a negative sign, the circular arc 
in the expression (63) will represent twice the tangent arc be- 
tween the, point of contact and the focal perpendicular. We 
are thus in a position to give the geometrical meanings of the 
angular function in Legendre's theorem (64), whether the para- 
mater be positive or negative. 

XXXV. The foregoing Investigations will have furnished 
us with the geometrical interpretation of the transformation of 
Lagrange. The preceding steps will sufficiently indicate the 
rationale of the following construction. 

Let c be the modulus of the given elliptic integral. We may 
conceive a plane parabola at its focus in contact with a sphere ; 
such that one fourth its parameter shall subtend at the centre 
an angle whose cosine is c. The central projection of this 
parabola, on the sphere will be a spherical parabola. At the 
centre of this spherical parabola let us imagine another plane 
parabola in contact at its focus with the sphere, and havin<T its 
axis in the same plane with the former, of such magnitude, that 
one fourth of its parameter shall subtend at the centre of the 

sphere an angle whose cosine = ~ ^ = ~ 

let this cosine be c'. We miy repeat this construction succes- 
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sively until the parameter of the last of the applied tangent plane 
parabolas shall become so indefinitely small, compared with the 
radius of the sphere, that it may ultimately be taken to coincide 
with its projection. We shall in this way reduce, geometrically 
at least, the calculation of an elliptic integral of the first order 
to the rectification of an arc of a plane parabola, that is to a lo- 
garithm as was shown in (xxiv). If, on the contrary, the process 
be reversed, we shall at length arrive at a parabola whose para- 
meter will be so large, compared with the radius of the sphere, 
that the central projection of this parabola will become a great 
circle of the sphere. The evaluation of the elliptic integral will 
therefore ultimately be reduced to the rectification of a circular 
arc. These are the well-known results of the modular transform- 
ations of Lagrange. 

Let 2e, 26', 2e", 2 s'", &c. denote the distances between the 
foci of the successive spherical parabolas generated in the man- 
ner above mentioned, then it may easily be shown, writing c 
for cos y and b for sin y, that 

\ — b ri — 6h^ 

sin2-==c, sin2s'=j-p^, sm 2 a" = \j^i\ 

. „ ,„ r(i + j)i-2U^-i^ . ,„_n + &J-2S2J(j_+6)*in = 

^'"^' ^{jJ+bf+WlA} ^'° -Ll+A4 + 2i2l(l+i>id 

r 1 + 6f2W-2*2J2i(l + i* }( IJ- ^')*^^"| ' &(. 
sm 2 6"= [_i^j + 2*6' + 2*2i2»(l + 6*Xl + 6)*A,U 

We perceive that the successive values of theso expressions 
approximate continually to 1, or 2 e'"- to ^-, and as generally 
2 s"'— = -— y"'"'? y'" approximates continually to 0. 

XXXVI. When the parameter of the elliptic integi-al of 
the third order is negative, and at the same time greater tlian 1, 
or less than the square of the modulus, the function no longer 
represents any spherical curve of the second order. It is pes- 
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slble, however, to construct a spherical curve whose rectification 
may be effected by an elliptic function of the third order, and 
logarithmic form. 

Let us conceive a spherical curve which shall cut all its sphe- 
rical radii-vectores in angles whose cosines shall have a ^ven 
ratio to the sines of double the angles which the equal radii- 
vectores of a certain spherical ellipse make with the major arc. 
Let>e be this angle, and p the distance of the point from the 
centre of the curve. In the spherical ellipse, of which the prin- 
cipal arcs are a. and /3, let this radius vector p make with the 
major arc the angle ^. Then by the law of the generation of 
the curve, 

cosi = m sinij; cosv^ .... (72). 
Now as the radii of the ellipse which are equal to a. and /3 re- 
spectively, make with the major arc angles and -; at these 

distances cos i = 0, and the curve has therefore apsides at those 
distances from the centre. 

XXXVII. To find the length of this curve. 
As cos i-=-m sin vj/ cos \, (this relation may be taken as the de- 
finition of the curve) and cos i = -^ , ir? -^ = -:-—-; — ^ (a"). 

rto- rf p'' sin'vj/cos 4/ ' 

The equation of the spherical ellipse gives, 

cot^ p = cot^ a, cos^ 4/ + cot^ /3 sin^ vJ/ 

Let ip be the eccentric anomaly, then tan \J/ = tan a 

tana ^ 

■nru • I 1 **i' ^ sin' <() , , tan' a cos' * 

Whence sin» i/ = - — . ^ , ^ To ■ n . cos' li = — ; — !== ^ ,is, 

tan' o cos- (f + tan' /3 sin' <>) ^ tan' o cos« f + tan" ;8 sin ((> *^ ^• 

Substituting those values of sin ^, cos ■]/ in (a), we find, 

w" dh"^ _ {tan'g cos'ip + tan' 8 sin^^i}^ 
df"^ ~ tan^a tan^/S sin^^ cos=<}> * " (*')• 
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Again, as tan^ p = tan* a cos* f + tan* /3 sin* f . (d) 

differentiating ^! = (tan* a - tan* /3)* sin^ ^ cos* ^ 
° d(p* tan* f sec* p 

, «?(r d(r dp 

w hence as m -=— = »n -r— . ^^ 

(Zip (zp a(p 

rri^diy^ _ (tan* a— tan* /3) * [tan* a cos* <p + tan* /3 sin* <p'] 
d(f ~ tan* a tan* /3 [sec* a cos* <p + sec* /3 sin* ^]* 

^T tan* a — tan* /3 „ sec* a — sec* /3 . „ 

Now 7 — » = e\ 5 = sin'' e ; 

tan* a Bee' a. 

making those substitutions, reducing and taking the square root, 
the transformed equation becomes 

w = tanfl/ VI - e" sin" ip tan 3^ {i _ sin' e sin* <>.} VI - e> sin" <(> ^ 

As e* > sin* e, this is an elliptic function of the third order 
and logarithmic form. 

The condition that msinij' cosrI/=cosi, must necessarily be 
less than 1, imposes a limiting value on the angled'-* 

* Although not hearing directly on this suhject, the following theorems may be 
thought -worthy of notice. 

Let two spherical conic sections, whose principal arcs are o and 0, a' and &, he 
so related that 

tan o tan a' sin i) = 1, sec j8 sec ^' sin i| = 1. 

Then it will always be possible to express the sum of two arcs of those spherical 
eUipses by means of an arc of a spherical parabola and an arc of a circle. 

Those spherical ellipses, "conjugate spherical ellipses" we may name them, 
have certain common properties. 

They have the same cyclic circles. 

Their projections on the plane of the external axes of the cone give concentric 
similar and similarly posited plane ellipses. 

The magnitudes of the normal angles \ and V, which determine the extent of 
the compared arcs, are given by the simple relation 

t^° ^ = 2 . J being the ratio of the axes of the plane ellipses, 
tan \' t 
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SECTION 11. 

XXXVIII. We shall now proceed to the discussion of the 
rotation of a rigid body round a fixed point, which is more 
immediately the subject of the present work. Let this point 
be taken as the origin of three rectangular coordinates, their 
direction being arbitrary as well with respect to the body as 
to absolute space. Let us, moreover, make the supposition 
that the body is not subject to the action of accelerating forces, 
but in a state of motion originated by a single impulse, or by 
any number of single impulses, which may be combined into 
one. This may be considered as the normal state of the rota- 
tion of a body ; because if it should besides be subjected to 
accelerating forces, such new forces will introduce variations 
into the arbitrary constants of the problem. It has, moreover, 
the advantage of admitting a complete solution. We are not 
compelled to have recourse to approximations. It will be shown 
in the following pages, that the curves, which the final integrals 
represent, are spherical conic sections ; curves which may as 
easily be determined, from the principles laid down in the last 
section, by means of the constants which enter into the integrals, 
and the amplitudes of tliose functions, as the arc of a circle may 
be ascertained, when we know its radius and the angle whicii 
the arc subtends at the centre. Hitherto there has not been 
any attempt made, at least so far as the author is aware, to 
carry the solution further than to show, that as the final inte- 
grals involve the square roots of quadrinomial expressions with 
respect to the independent variable, tliey might be reduced to 
the usual forms of elliptic functions. But these integrals have 
not been interpreted so as to give a graphic representation of 
the motion, by means of the properties of those functions. 

Assuming tlie usual definition of the moment of inertia of a 
body with respect to a certain right line ; that it is the sum of 
all the constituent elements of the body, each multijjlied into 
the square of its distance from this axe, we shall briefly give 
the usual method of finding it. 

Let the given axe make the angles \, /x, v, with the axes of 
coordinates; R being the distance of one of the elements dm 
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from the origin, and fl the angle which this line makes with the 
axe. The distance, therefore, of the particle dm from the axe 
18 R sin i, and the moment of inertia round this axe is the sum 
or integral of all the terms, such as r" sin" 9 dm, which the body 
affords. Writing H for the moment of inertia round this axe : 



H=/}m[R8lnfl]» . (74). 



The integral being extended to the whole mass of the body. 

To transform this integral into another, which shall contain 
the rectangular coordinates xyz of the particle d m. We have 

X 1/ z 

cos i = -cos ^ + - cos^ + -cosv, deriving the value of sin9 
R R R 

from this expression, and substituting it in (74), we get 
H = cos'x/rfin(y'+ 2*) + cos' /I /dm (x' + z') + CDs' y/dm^x' + t^) 1 

r r f \ ^"^- 

—2 cos ft cos r I d m y z — 2 COS Kcos r I djaxz - 2cosX cos/i/<f mzy I 

Now these six integrals depend solely on the assumed position 
of the coordinate planes with respect to the body, and not on 
the position of the axes, which is determined by the angles X, ju., y. 
These integrals referred to the same system of coordinates will, 
therefore, be the same for every assumed axe. Let them be 
computed and designated as follows : 

/jm (3^'' + s')= L,/^m(x* +z») =M, /dm (jr'+y)= N,j 

. /rfmyz = U, /rfmx« = v, /dm x^ = w, I 

The value of h may now be written, 

H = i.cos'X + iicos'>i + Ncos'i'— 2ucos/tcosi'— 2vcosXeos»'— 2wcosXcosM- (77). 

We may reduce this expression to represent a line drawn 
from the origin to some curved suHace, by the following 
transformations : 

let H = np', L = nA, M = nB, N = nc, u = nD, v = nE, w = nF. 

Substitute and divide by the cubical quantity n, the equation 
becomes 

£ 
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m 

r'zsAcos'A-t-Bcos'^ + ccos'y — SDCog/icosr — 2 EcosXcosy — 2FcosAcoa^ (78). 

Now this, as may easily be shown, is the expression for the 
length of a perpendicular let fall from the centre of a surface of 
the second order on a tangent plane to this surface. As the 
coefficients L, M, N, are necessarily finite and positive, the co- 
efficients of the surface a, b, C, which have a given ratio to the 
former, must also be finite and positive. The surface is there- 
fore an ellipsoid. That the above expression represents such 
a perpendicular may be shown as follows. 

XXXIX. The tangential equation of a surface of the second 
order, the origin being at the centre, is 

l = A,f2 + B,u2 + C,?' + 2D,?t; + 2E,f?+2r,ft». (79). 

In this equation f, u, ? denote the reciprocals of the portions 
of the axes of coordinates between the origin and the variable 
tangent plane, supposed to envelope the surface in every suc- 
cessive possible position. The squared reciprocal of the perpen- 
dicular from the centre on the tangent plane is P + «' + ?*. 
If \, ft, V denote the angles which this perpendicular T, makes 
with the axes of coordinates, C08A. = P, f, cosfi.=P/U, cosv=p^5- 
Substituting these values of f , o, ?, in the preceding equation, 
and multiplying by p/ we find : 

P'/ = A,COS'A + B,COs'^+C,COs'i'+2D,COS/iCOS>'+2E, COSA.COS>' + 2F;COSAcOS/i(80). 

An equation which coincides with (78), if we omit the traits, 
as we manifestly may do: hence p,=p. 

If we divide (77) by p', and introduce the quantities f, o, 5, 
by the help of the equations cosX=p0, cosf<. = pu, cosv=p5, 
we get 

n=Lr + Mu2 + N?^-2u?u-2vf?-2wfo. (81). 

It is shown in the treatise referred to*, that if x„ y„ z^ denote 
the coordinates of the point of contact of the tangent plane to 
the surface (projective coordinates they might be named, to 
distinguish them from the tangential coordinates) ; 

• On the Application of a new Analytical Method to the Theory of Curves and 
Curved Surfaces. London, Parker. 
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na:, = t,f —V $ — Wu 

ny, = Mo — W0— U? . . (82). 

nz,= N ?— tr 0— v£ 

Let a:' y' a' denote the coordinates of the foot of the perpen- 
dicular p on the tangent plane ; then as P cos X = if, and 
P f = cos A., j' = p* ; in like manner, y' = p* u, z' = p' ? : 
whence 

n(x,— x')=(L-np'')0-v ?-wu] 
n(y,-y')=(M-np»)«-wf-u? . (83). 

n(«,-z')=(N— np2)5-uo-v0 J 

Now writing A for the distance measured along the tangent 
plane between the foot of the perpendicular upon it from the 
centre, and the point of contact of this tangent plane, x^ — x', 
y~y'i z^— 2'> are the projections of A upon the three coordi- 
nate axes. It is also evident that (x, y, z,), (ar'y z'), and (0, 0, 0,) 
are the projective coordinates of the three angles of the right- 
angled triangle whose vertex is at the centre and whose base 
is A. 

It may easily be shown, and we may therefore assume, that 
the orthogonal projections of the area of this triangle upon the 
coordinate planes of xy, y z, and x z, are 

!>'('/-'')-'' (y;-y'j].[z'(y;-y)-y(z/-^')].aBd[x'(j,_z')-2' (*,-*')], 

respectively. 

If we substitute in these expressions the values of the pro- 
jective coordinates, which may be deduced from (83), writing 
r for the area of this triangle, and TV, Tm', Tn', for its pro- 
jections on the coordinate planes of yz, xz, and xy, (/', to', n' 
being the direction cosines which a normal to the plane of T 
makes with the axes of x, y, z, respectively) we shall have 

nr/'=p2[(M-N)?o-(w?-vo)?-u(?^-u^)]] 
nrW=P^[(N-L)f?-(u?-w?)«-v(P-?^)] (84). 
nr«'=p^[(L-M)ft/-(vu-u?)?-w^("'-f')]J 

We shall discover the dynamical illustrations of these expres- 
sions further on. 

XL. To determine the axes of figure of the ellipsoid. 

E 2 
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It is manifest that whenever the distance A between the foot 
of the perpendicular from the centre on the tangent plane, and 
the point of contact of this tangent plane with the surface, 
vanishes, that the radius through the point of contact becomes 
ajso a perpendicular to the tangent plane, and therefore one of 
the axes of the surface. When A = 0, its projections on the 
coordinate axes vanish, or x,—x'-= 0, y/— y=0, z^— z'=0; (83) 
then becomes, putting n, as we evidently may do, equal to 1, 

0=(l -p»)J-v?-wu! 
0=(M-p>-wf-u?j . . (85). 
0=(n-p=')?— uu-vfj 

from these equations eliminating the quantities f, u, ?, we get 
the following cubic equation in p^, 

(L-P") (m-P') (N-P»)-tl'(l,-P')-v'(M-p')-w'(N-P')-2 DV-W=0. (86). 

The roots of this equation are the three semiaxes squared of 
the ellipsoid. 

We need not here stop to show that the three roots of this 
cubic equation are real, as the proposition has already been 
established in various ways. The following is a group of 
symmetrical formulae for determining the position of any one of 
these axes in space when its magnitude is determined : 

Let r' be one of the roots of the cubic equation, or the 
square of one of the semiaxes ; let L — r'' = Q, M — R* = Q', 
N — R* = q" ; also, let X, \l, v, be the angles which this axe R 
makes with the axes of coordinates : then cosX=pf, cos/*=p«, 
cosv = p?. 

Resuming equations (85), and introducing the given value 
R" of p», 

Q f — V ?— vru=ol 

Q'v-w?-u?=0 . . (87). 

Q"?-Uo-Vf=0j 

Combining the first of these equations with the second, and 
eliminating u, 

I vq' + uw ... , 1 . , , , . , 

p= ,_ ; ; combining the second with the third, 

and eliminating u, 
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£ Q'q" — U' 

^= yQ>^P^ ; multiplying the two latter, 
£^_cos>x_qV^-x^ u'_ cosV _ q"q -y' 

I? ~ COS* V ~ Q' Q - -W*" ^l"*'*"y J2 - cos^ j^ - Q,/Q/ _ u 



whence adding 



q"q'-u^ 



COS ^-(-Q/,Q/_y2^^(QQ//_Y2) + (-Q/Q_w2) (88) 

and similar expressions for cos' jw., cos' v. 

We may express these formulae in a more compact notation 
as follows : 

If we take the first derivative of (86), we shall find it to 
consist of three members. Substituting for p' one of its values, 
K* suppose, the resulting expression may be written 

T + <I> +- H, and the last formula becomes 

XLI. Before we pass from this portion of the subject it 
may not be out of place to show what the geometrical represen- 
tations are of the constants in the equation 
aP + A'u'+A"?« + 2By?+2B'f?+2B"?u= 1. (89). 

Let the tangent plane be parallel to the plane of xi/, then 
f = 0, u = 0, and the last equation becomes a" ?* = 1 ; but in 
this case \ is the distance from the origin to the tangent plane 
touching the surface parallel to the plane of xy, whence a" 
denotes the square of this distance ; or A, a' a" are the squares 
of the perpendiculars let fall from the centre on the tangent 
planes parallel to the coordinate planes of y z, x z, and x y 
respectively. 

Let us continue the supposition that the tangent plane re- 
mains parallel to the plane of xy, let x, y, z, be the coordinates 
of the point of contact, and x' y' z' the coordinates of the foot of 
the perpendicular on the tangent plane ; then referring to (83) 
we shall find, as the tangent plane is parallel to the plane of xy, 
that the perpendicular on the tangent plane coincides with the 

E 3 
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axis of z ; whence x' — 0, y = 0, f = 0, o =0 and a" ? = 1. 
Making these substitutions in the following equations, 

a:, = Af + B'? + B"u, 
7/, = A'u + b"?+B?, 
^, = A"?+Bu + B'f, 



we get 



X 



, = b' , ^, = b , whence as ^/A" = z^ 



\/a" '/a" 

The attentiye reader will not fail to observe that the con- 
stants of the tangential equation of a surface of the second 
order admit of a much simpler geometrical interpretation than 
the analogous quantities in the projective equation of the same 
surface. 

XLII. In every revolving body there exists an instan- 
taneous axis of rotation, or a line of particles which remain 
at rest during an instant. Let P be the position of a point 
in the revolving body at any given time, P' the position of 
the point during the next instant. Let the arc PP' be ds. 
At the extremities of this arc d s let normal planes be drawn 
to the curve. If these planes are parallel, the motion is one 
of rotation round an axe infinitely distant, or the motion is 
one of translation. If the planes are not parallel let them 
meet, the right line in which they intersect is the axis of 
rotation during the indefinitely small time in which the arc PP' 
or ds has been described. 

This line, the intersection of the normal planes must pass 
through the fixed point, if there be one in the body, otherwise 
there would exist in the body a fixed point and a fixed right line, 
not passing through the point, which would retain the body in 
a state of rest, contrary to the supposition. 

Again, there cannot be, during the same instant, two or more 
axes of rotation in the body, for two fixed lines are equivalent 
to three fixed points, which would retain the body in a state of 
rest. 
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The same considerations will show that the instantaneous 
axis of rotation could not possibly be a curve. 

The angular velocity of a body is defined to be the arc of a 
circle whose radius is 1, described in the element of the time, 
and whose centre is on the axis of rotation. 

XLIII, To determine the equations of the instantaneous 
axis of rotation. 

The fixed point being taken as origin, let ify'z' be the coor- 
dinates of the point p, {x' + dx'), (/ + dy'), {z' + dz') of the 
point p'. The equation of the normal plane passing through p is 

xdx'+ydy' + zdz'=x'dx'+y'dy' + z'dz' = 0, 
since the plane must pass through the origin ; hence as 
x'dx' +y'dy' + z! dz' = 0, the point p must move on the surface 
of a sphere. The equation of the normal plane passing through 
p' is 

xd^i; -\-yd}y' -irzd}z' = {i 
The equation of the osculating plane passing through the 
arc ds being 

A (a: — a-') + B {y—y') + C {x — z') =0, 

we may determine the constants from the consideration that the 
osculating plane is perpendicular to each of the normal planes. 
The osculating plane is therefore perpendicular to the intersection 
of these planes, that is, to the instantaneous axis of rotation. 
Let X, ft., V be the angles which this line makes with the 

„ T , ,1 cos X A cos u. B 

axes 01 coordmates, then = -, = -; 

cos V c cos V c 

and the equations of this right line are, 

Az — Cx = 0, Bx— Ay=0, cy — ^z=0. (a). 

Let eu be the angular velocity round the instantaneous axis 

of rotation ; 

ds 
then o) = — , E being the radius of curvature. 

Make r = « cos v, and as 

c ds c 



cos V = .— _ „ _^ , r = 



V A^ + b' + C" « ^A'' + b" + C» ■ 

E 4 
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Now R (as is shown in treatises on the geometry of three 



dimensions*,) is equal to 



^^a' + b' + C' 
whence r = t-; ; in like manner, let p = « cos \, q = a> cos^, 

US' 

then =^„q=j;, 

substituting in (a) those values of A, B, C, we get 

pz — rx = 0, qx—py=0, ry — qz — d . (90) 

These are the equations of the instantaneous axis of rotation, 
as we shall show presently from dynamical considerations. 

XLIV. The angular velocity round the instantaneous axis 
being to, the angular velocity round any other axis which makes 
the angle fl with the former is eo cos fl. 

Let O A be the instantaneous 
axis of rotation, o B an axis 
which makes the angle 9 with 
the former. Through O let a 
plane be drawn perpendicular 
to OB. In this plane assume 
any point C, with the centre O 
and radius OG let a sphere be 
described, and through C let a plane be drawn perpendicular 
to OA and meeting this line in Q. The point C will move in 
consequence of this rotation on the circumference of the circle 
made in the sphere by this plane, and therefore on the surface 
of the sphere itself. Hence the tangent C c' is perpendicular as 
well to the line c o as to c A. Let the angle c Q c' = », the 
angle coc'=cu', thence' = CQ. to = oc.co' and CQ = oc cos fl, 
hence 

0)' = to cos 8. . . . (91). 

Now as the angular velocities of every other element of the 
body, round the axes oa, ob, are «> and »' respectively, during 




~Vi/ 



• Lrroy, Analyse appliguee a la Geometric det TroU DimeTuimu, p. 295 
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this instant; it is plain that the angular velocity of every 
particle of the body round these axes is connected by the relation 

eo' = CO cos fl. 

hence p, q, r, in the last section, are the angular velocities round 
the axes of x, y, z. 

XLV. Let as before Ox, oy, oz, be any three rectangular 
coordinates passing through the fixed point o ; x, T, z, the ve- 
locities of the particle dm of the body resolved along these 
axes, xyz being the coordinates of the particle dm. These 
velocities being translated to the origin are there equilibrated 
by the resistance of the fixed point o ; While they generate 
the moments (Yx — 'S.y)dm,{zy — Yz)dm,(Kz—zx^dm in 
the planes o{ xy, yz, and zx respectively. 

We may conventionally assume that the rotations from x 
to y, from y to z, and from z to x, shall be taken as positive, 
and the rotations in any of the opposite directions as negative. 
Now let CO be the angular velocity round the instantaneous axis 
of rotation, \, p., v the angles this axis makes with the axes of 
coordinates, p, q, r the components of the angular velocities 
along the axes oi xyz; so that 

p-=aa cos \, q=ai COS fi., r = ai COS V . . (92). 

The velocity of the particle dm parallel to the plane of xy is 
r V x^ +y^ and that resolved along the axes of x and y is 
_r -v/a^s + J/". y and r-Zx^+.v^.x; or — yr and arr, in ac- 

vFT^ '^^ + f 

cordance with the conventional agreement as to the signs of 
rotation in the coordinate planes ; whence 

The velocities parallel to the axes of x and y, are —yr and xr; 

„ 0? y and z, are —zp and yp; 

J, „ of r and X, are — xy and zy; 

whencex = r5'-yr, T= xr-z;>, z=yp-xq. 

and these velocities translated to the origin generate the 

moments, 

yj:_xw = (rr-zp)x-(2<7-J/r)y, in theplaneof j:y. "I 

^u -Yz^iyp-xq) 'j-ixr-zp)z,mthep\aaeotyz. V . (93). 

xz - zx = (z? - y r) z- (j/p - xq) x, in the plane of xz. J 
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We may determine the position of that group of partidea, if 
any, in the body which at the given instant are at rest, by 
making x = 0, Q = 0, z = 0. These conditions are satisfied by 
making xT—zp-=. 0, zq—yr=. 0, yp — xq = 0. 

These, it is hardly necessary to observe, are the equations of 
a right line passing through the origin ; equations which we have 
already found (91) from geometrical considerations. 

XL VI. If we extend to the whole mass, the velocities found 
for the single particle dm in the preceding section, we must 
integrate the expressions for those velocities. Introducing the 
notation adopted in (76), we find 



/< 



{:x.z — zx)dm = iiq—'Wp —vr 
(tx — 'S.y)dm = Nr—vg — Vp 
(zy —Yz)dm = i.p—-vr—'Wq 



(94). 



Now as the impressed couple, or the resultant of all the im- 
pressed couples, must, by the principle of D'Alembert, be 
equivalent to the effective moments, if we make this impressed 
couple K, and /, m, n, its direction cosines, 

K Z = L^— V r— wyl 

■E.m=T&q—\fp — vr\ . . (95). 

K n=Nr — Uj — Yp\ 

When the principal axes are the axes of coordinates, tr = 0, 
V = 0, w = 0, and we get the well-known equations, 
Kl=i,p, Km=iiq, Kn = Nr. 

Hence the components of the angular velocity round the 
principal axes are equal to the components of the impressed 
couple at right angles to these axes, divided by the moments 
of inertia about them, or 

kZ Km Kn 
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XL VII. If we compare together the formula; given in 
(82) and (95), we shall make the second members identical by 
assuming 

P=f^> ?=/". »•=/?, /being a constant; . (97). 
whence o.^ =p{^'^ + o^ + ?'')= p, or the angular velocity is 

inversely proportional to the perpendicular on the tangent 
plane. 

Eesuming the equations (82) and (95), introducing also the 
relations established in (97), we obtain- 

k/=L^— vr— W5'=/(Lf— V?— Wo)=/nav, or 
Kl=fnx,, in like manner Km=fnr/,, Kn=fnz^, whence 

TL'=f^n\T,-'+y; + z,'')z=f^nW. . . (98). 

Now x^ y, z, are the coordinates of the point of contact of 
the tangent plane ; whence we infer that k, the radius vector 
drawn from the centre to the point of contact of the instanta- 
neous plane of rotation, is constant during the motion. 

From the relations of (97), it also follows that if through the 
fixed point we draw any three rectangular axes in the body, 
the angular velocities round these axes are always inversely 
proportional to the segments of those axes cut off by the in- 
stantaneous plane of rotation ; or, in other words, the symbols 
J, u, ^, the tangential coordinates of the instantaneous plane of 
rotation, will denote the components of angular slowness round 
those axes. 

XL VIII. Resulting from the rotation of the body, there arises 
a new class of forces, which in general tend to alter the position 
of the axes of rotation of the body. 
They are known as the centrifugal forces. 
When translated to the origin they gene- 
rate a couple, whose magnitude and 
position we are now to determine. 

Let OQ be the instantaneous axes 

of rotation, -, — , — , the cosines of 
eu 01 01 
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the angles it makes with the axes, xyz are the coordinates of the 
particle d m. The centrifugal force which acts on this particle 
dm, is equal to the square of the velocity divided by the 

2 

radius; that is, = = oj*. Qm, and this force, as it acts in 

Qm 

the direction of Qm, may be resolved into the forces o)'(x— x'), 

«)'(y— y')» "'"(z— ^')j respectively, parallel to the axes of x, y, 

and z. x' y' z' are the coordinates of the point q. Now 

„„ px+qy-\-rz , , 

OQ = owico8mOQ = <^ i^ , we also have 

, V (vx + QV 4-rz^ 
x'=0QC0SQ0x=0Q- = ^— ^-i, -'ri, or 

CO w' ^ 

a?x —{jx-\-qy-\-rz)j>, but a!*x=j:(;>'' + y^' + r"); whence 

a>\x — x')z::q[qx—-py)-\-r{rx—pz) = lL'^ 
'"iy-y) = r{ry-qz)+p{py-qx)=Y' I (99). 
ai^iz —z')=p{i)z—r x) + q{qz—ry)=Z' i 

From these equations we obtain 
■^'x-:^'y=pq{y-^-x'')+yx{p-'-q-^)^rz{py-qx); 
or extending this expression to the whole mass, 

^^[T'l-xy') dm=pg/[(y' + z')_(x' + «')] dm + (p'-9«)/yxdm + pr/rj(din-9r/2xdm 

Writing analogous formulae for the other axes, making g /', cm', 
Gji', equal respectively to /dm(z'y-T'x), /rfm(x'2-z'x), 

I dm (T'x-x'y), and using the notation established in (76), 

we get 

G r=(M— N)yr + (v5'-wr);j+u(y'' — r'). -J 

Gm' = {i!(--L)pr+(yfr-Vp)q+\\r^-p^), I (loo). 

Gm' = (l --!A)pq-\-{vp-Vq)r-{-yf(y-q^).\ 

"When the principal axes coincide with the axes of coordinates 
u = 0, v=:0, w=:0, and the formulae become 

Gr = (M-N)yr, Gm'-{y(--L)pr, Gn'={i.-^)pq, (loi). 
When one of the axes of coordinates, that of z suppose, 
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coincides with the instantaneous axis of rotation, we h&ye p=0, 
q—0, r—a>, and (100) becomes 

G/'=— Ua)», Gm' = TaiS Gn' = 0. . (102). 

XLIX. If we multiply the first of (100) by -, the second by 

-, the third by — , and add the results, the sum will be 

to •' CO 



zero, or 

G 

CO 



{l'p + m'qJrn'r}=0; . . (103); 



whence it follows that, the plane of the centrifugal couple always 
passes through the instantaneous aris of rotation. 

L. Multiply together line by line the groups in (95) and 
(100), add the results, the sum will be cypher; or 

KG [W + mm' +nn^ =0 . . . (104) 

Whence we infer that the planes of the impressed and centri- 
fugal couples are always at right angles to each other. 

LI. If we compare the formula (84) with (100), we shall 
find the second members identical, if we assume as, in (97), 

P=f^> ?=/"' '•=/?; whence 

G = rna)'' . . . (105). 

We may hence infer that the triangle between the radius 
vector, the tangent plane, and the perpendicular on it from the 
centre, coincides in position with the plane of the centrifugal 
couple. The centrifugal couple is also equal to the centrifugal 
triangle multiplied by the mass and the square of the angular 

velocity. 

The reader will not fail to have observed the ease and sim- 
plicity with which the properties of the ellipsoid, treated gene- 
rally, without reference to the principal axes, by the method of 
tangential coordinates, may be used to illustrate and establish 
the corresponding states of a body in motion round a fixed point. 
The subsequent investigations might in most cases have been 
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discussed with the same generality and facility ; but as the 
principles of this new analytical geometry, the method of tangen- 
tial coordinates, is probably but little known, it maybe more satis- 
factory to conduct our investigations on principles universally ad- 
mitted. To simplify the results, we shall adopt a particular system 
of coordinates which will render the formulae much more man- 
ageable. If we choose the principal axes as axes of coordinates, 
u = 0, V = 0, w = 0, and our investigations will therefore be 
very much simplified. 

LII. Let a, b, c, be the three semiaxes of the ellipsoid in 
the order of magnitude, l, M, N the moments of inertia about 
the coinciding principal axes of the body. We may assume the 
squares of the semiaxes of the ellipsoid proportional to the 
moments of inertia round these axes, so that 

a*n = L, 6*n = M, c*n=:N. . . . (106) 

n being a constant depending on the mass and constitution 
of the body. 

This ellipsoid we shall call the ellipsoid of moments. 

LIII. Introducing these transformations and simplifications, 
(77), (95), and (100) become 

H = n{a'cos''X+ J^cos^ju. + cos^v} .... (107) 
KZ = na*;), Km = nJ''5', Kn = nc^r .... (108) 
Gl'=n{p-c^)qr,Gm'=n{c^ — a})pr,Gn' = n{a^ — b'^)pq. (109). 

In formula (107) it is evident that the part within the 
braces is the expression for the square of a perpendicular from 
the centre on a tangent plane to the ellipsoid. Let this per- 
pendicular be p, and (107) will become 



H = np^ 



(110). 



Square the terms of (108), add them, and multiply by oo^, we 
get the result 

KC«2 = n^ [a*p^ + J' ^2 + c< ,.2-] (^3 + j^2 ^ ,.2-) 
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also as CD cos X =^, tocoBfissq, a)Cosv = r, 

h'co* = n« [aV + 6'?' + cV]«. 

Whence we obtain 

6« = K''a.''-H'*«)* .... (Ill); 

a formula which gives the value of the centrifugal couple in 
terms of the impressed couple, the moment of inertia, and the 
angular velocity round the instantaneous axis of rotation. 

LIV. Assume the impressed couple K = nfh, k being the 
semidiameter of the ellipsoid perpendicular to the plane of K. 
The product yA is of course constant; it will be shown presently 
that f and k are each constant. 

As the axes of coordinates are the principal axes, 

k/ Km Kn „ , 

p = — , q = ~, r=^- See(96> 

Let X1/2 be the coordinates of the vertex of A, then 

** "U 2 

I = J, jn = |, n= T,K = nfh, L =:na% M = nJ", N = nc*; 



fx fy fz 



whencep=-^, 9=-^^, r=-^;5 . . . (112.) 



Squaring those values and adding, (/>" + q'^ + r'^)=aP 

The cosines of the angles which this perpendicular makes 

with the axes are, -k- t# -»-, while the cosines of the angles 
a cr 

which the instantaneous axis of rotation makes with the same 

■oar, fx ■, f , p 'Px . . 

axes are —,—.-; but o =■•'—, and a = •'-; whence - = -j, simi- 

00 00 G) O. x w U 

larly-i^ = -^ -=-2' 
•'to 0" « c' 

we may therefore infer that, 
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The instantaneous axis of rotation coincides with the perpen- 
dicular from the centre on the tangent plane drawn through the 
vertex of k the axe of the impressed couple. The angular ve- 
locity round this axe is inversely proportional to this pei^en- 
dicular. 

LV. During the whole period of rotation, the semidiameter k 
of the ellipsoid, perpendicular to the plane of the impressed 
couple, is constant. 

Through any point Q on 
the surface of an ellipsoid 
let a tangent plane be drawn, 
and through the centre a 
plane parallel to it. Let a 
concentric sphere be des- 
cribed through the point Q, 
intersecting the surface of the ellipsoid in the curve of double 
curvature Q«. To this curve, let a tangent Qr be drawn at the 
point Q, and through this tangent, let a diametral plane be 
drawn intersecting in the right line oh, the diametral plane 
KOJ parallel to the tangent plane through Q. 

Then QO, ob are the semiaxes of the plane section of the sur- 
face QOb. Let O Q = A, ob=u. Let fall from O a perpendicular 
OP on the tangent plane Qpt. This line will also be perpen- 
dicular to the parallel diametral plane o6r, and therefore to 
every line in this plane, and therefore to the line 06. Now the 
tangent line Qr, as it is on the tangent plane to the ellipsoid, 
and passes through point Q, must be a tangent to the plane sec- 
tion of the ellipsoid passing through it, and as it is besides a 
tangent to a curve drawn upon the surface of the sphere, it 
must be at right angles to the radius of the sphere OQ; hence 
OQt is a right angle, and therefore OQ must be a semiaxis of 
the section oqt; because when a tangent to a conic section is 
perpendicular to the diameter passing through the point of con- 
tact, this diameter must be an axis of the section. Now as the 
parallel planes qpt, or J are cut by the plane qot, oi is pa- 
rallel to Qr and consequently at right angles to OQ. Hence O Q, 
ob are the semiaxes of the section OQt. 

Since o* is perpendicular to op as well as to OQ, it is per- 
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pendicular to the plane of op Q, which passes through op, oq, that 
is, to the plane of the centrifugal couple. Whence we are led to 
infer that the semiaxes k and u of the diametral section of the 
ellipsoid, whose plane passes through the tangent to the curve of 
double curvature in which the ellipsoid and sphere intersect, are 
perpendicular to the axes of the impressed and centrifugal 
couples K and G respectively. 

Assume a point u on the line ob, so that Ou may be to k, as 
the centrifugal couple G is to the impressed couple k. The di- 
agonal Ot of this instantaneous rectangle will represent, as well 
in magnitude as in direction, the axis of the resultant couple at 
the end of the first instant. During this instant accordingly, 
the vertex of the axe of the impressed couple will have travelled 
on the surface of the ellipsoid, as also on the surface of the con- 
centric sphere whose radius is k. It follows therefore that at 
the end of the first instant, the vertex of the axe of the resultant 
couple will be found on the curve of double curvature in which 
the ellipsoid and sphere intersect. The same proof will hold for 
the second and for every succeeding instant, whence k always 
continues invariable. Now the impressed couple k was as- 
sumed in (liv.), equal to nfk, but as n and A are each constant 
ymust likewise be constant. 

If to fix our ideas we take the plane of k horizontal, and k 
therefore vertical, we may infer that the rotatory motion of the 
body will be such, that its representative ellipsoid will bring all 
its semidiameters which are equal to k successively into a verti- 
cal position, and therefore the surface of the representative el- 
lipsoid will always pass through a point fixed in space. 

LVI. It was shown in (113) that the angular velocity co 
was equal to - ; and as / is constant, the angular velocity 

round the instantaneous axis of rotation varies inversely as P 
the perpendicular let fall from the centre on the instantaneous 
plane of rotation. 

LVII. The angular velocity x round the axis of the impressed 
couple is constant during the motion. 

F 



66 



p 

Let 6 be the angle between k and p. Then cos fl=T ; no^^ 

x = a)C08fl, as shown in (91), and oi = —, whence " = "• r — 

f f 

J, but/ and A are each constant, or x = ^ = constant. (114). 

LVIII. The magnitude of the centrifugal couple G, varies as 
the tangent of the angle between the axis of the impressed moment, 
and the instantaneous axis of rotation. 

Eesume the equation given in (111), G^ = K^ w'' — H co''. Write 

for K, H and » their values given in (LIV.), (107), and 

f 
(113), namely, K = n/A, H = nPS and cu = -. We have also. 



VA2_p2 f 

tan 9= , X =T, whence 

p k 

G = K xtanfl .... (115). 

LIX. It will be evident on inspection, that the indefinitely 
small portion Ou (see fig., page 64.) of the line ob parallel to 
the tangent drawn at Q, to the section of the ellipsoid whose semi- 
axes are k and u, and which is equal to Qt, may be taken as 
the element of the arc of the spherical curve traced out by the 

ds 
vertex of k during the element of the time dt. Writing ~z- 

for this element Ou, and referring to (LIV.) we have the ratio 
ou : A :: G : K, 

or Ou = -T- = — , but G=KKtan6, and/=xA. 

(it IK. 

ds 
Whence -J- =/tan fl . . . (116). 

ds 

Now -ji is the velocity with which the curve of double cur- 
vature passes through Q, the fixed point in space. We thence 
deduce, that the velocity with which the pole of the impressed 
couple passes along this curve, or the velocity with which the 
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curve passes through the fixed pole, varies as the tangent of 
the angle hetween the axis of the impressed couple and the 
instantaneous axis of rotation. 

LX. To find the values of -jf , -j^, -j^, or of the velocities 

at at at 

of the pole of the impressed couple in the direction of the 

principal axes of the body. 

dz 

We have ^=^, and ^*=/tan«. whence ^= ^/tanfl, 
as ds^ dt •' dt ds 

dt 

ds dx^ dii^ 

and -pj = 1 + T-2 + -jr-2- Now {xyz) is a point on the surface 

of the ellipsoid of moments, as also on that of a concentric sphere 
whose radius is k. The equations of these surfaces are 

^+1-2+^=1. andx=+y' + z^ = A^ . . (117). 

Eliminating y and x successively, and then differentiating, 
we find 

dx z a^ /P—c^\ dy _z P fa^ — e'^\ f^■\Q\ 

di^x c^ \,^^^y' d~2~y'c^ W^^J • ^ ^' 

nnence ^^,_ c\a^-byx^y^ 

and P=zx^+y^ + z^; hence 

tap2 fl^ «^(^'-^')'/^' + bHc''—a'yz'x' + c*(a'-Py:^y' 

a*b*c* ^ ^' 

or eliminating x and y by (117), 

Making the substitutions suggested by these equations, we 

obtain 

r 2 
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dz_ f{a^-¥)xy dx_ f{b'-c')2/z dy f{c^-a')xz , . ^ 
dt~ aH-" ' dt~ >■ r ' dt a'c' '^ '' 

LXI. The axis of rotation due to the centrifugal forces lies in 
the plane of the impressed couple. 

Let co' be the angular velocity round the axis of rotation 
due to the centrifugal couple, p', q', r' its components round 
the principal axes. Then as the angular velocity round any 
principal axe is equal to the couple which produces the motion 
resolved at right angles to this axe, and divided by the corre- 
sponding moment of inertia, 

p' = -^, now G = Kxtan9, K = nfk, L = na% 

L 

dx dx dx 

and J =f = ^, whence /=/lI 

dg dh /tan 9 •• a' 

dt 

making corresponding substitutions for q' and r', we have 

dx dy dz 

p'=fdj, q'=fd~t, r'=fdt . . (122). 

a^ 63 c^ 

Now the cosines of the angles which this axis of rotation 



* WTieii the axis of the impressed moment very nearly coincides with one of the 
principal axes, that of c suppose, the differential equations of motion may easily 
be deduced. 

In this case as x and y are each very small, their product xy may be neglected; 

fx fy fz ,dr f dz p(a'-¥) 

noirp = ^' ? = 3-.' »■ = ^' ai"! ^ = ^ j^ = a' b' c' '^^°- ^^^'^^ '' '^ constant, 

equal to n suppose. We also have 

dp_f dx r(l>'-<^)yz b'g c«n 

dt~a'dt~ o'i»c> ,omy—^,z--j- 

dp P (b'-c') ¥ c* V-<* 

■whence ^= ^ -^rp" -jf"? = ^^^i-n?. or writrng A=noS B=n «», c = nc'j 

A^ + (c-B)n5=0. Similarly 

These are the equations deduced by Poisson for this particular case. (Traite 
de Mecanique, tom. ii. p. 1 59. ) 
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makes with the axes of coordinates are -^, 1-r, ^, and the 

to' CO O) 

cosines of the angles which the axis A makes with the same axes 

X y z 
^""^ jj5 ^> y- If we denote the angle between the axis A of 

the impressed couple, and p' the instantaneous axis of rotation 
due to the centrifugal couple by A6p'j 

A J - fxdx ydy zdz \ 

cos Aop' =^ (p'x +9'y + r'z)=^\^ dt ^ dt dtj =0 (123). 

a' A' c" 

Since the part within the brackets is the diflferential of the 
equation of the ellipsoid. 

We infer, therefore, that not only is the axis of the centri- 
fugal couple contained in the plane of the impressed couple, 
but that the axis round which the centrifugal couple would 
give the body a tendency to revolve, lies in the same plane 
also.* 

LXII. Through the vertex of u the axis of the centrifugal 
couple, let a tangent plane to the ellipsoid be drawn. The 
perpendicular from the centre on this tangent plane, is the in- 
stantaneous axis of rotation due to the centrifugal couple. 

Let x' y' z' be the coordinates of the vertex of u; I', m, n', 
the cosines of the angles it makes with the axes. A', ju.', v', the 
angles which the instantaneous axis of rotation due to the cen- 
trifugal couple makes with the same axes. Then as u is per- 
pendicular as well to p as to K, 

I'x m'y n'z „ ( I'x m'y n'z'\ „ , . 

* To determine the angular yelocity when l=m, or, using Poisson's notation, 

when A=B. 

fz dr f dz fia'-V) „ . , ., TT 

Asr=-^[i -r = — ,' T = — . L. ■> ^y =0y »ince a' = 6% Hence r is con- 
c' dt c" dt a' b' c" 

stant = n. 

Now «• = ?'+ ?'+ >^ = n' +-C{x' + f). Let^^'=sin' €; 

f A' k' 

then «' = n' + —r- sin* t. We haveK = n/"A,A = no'; whence <D'' = n'-t — .sin'e. 
a* A* 

The expression given by Poisson, Traiti de M£canique, p. 139. 

r3 
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Eliminating from those equations m! and I' successively, 

„ co3X'_o'' _c^x' cosju.'_cy 
C08V ~^~a^z" cosv' "~6V 

a/ 



I' u x' m' y' , 
and —, = -.=:—,, -7 = —.; whence 
n' tf z n z 



cosa' c' I cosu, c'' m' , ^., ,. J. I m', . , 

-=:-i— ,, — '—zz.y^—t; substitutmg tor —„ — , their values 

cosv' a^n cosv' 6^ w ° n n' 

given in the preceding equations, and reducing, we find 



COS' V 



'(a''-J2)Vy'' + (52-c2)23/2^2 + (c2-a2)2^2^2- • (124). 



We may find analogous expressions for cos A' and cosjw,'. 
Introducing the terms -j-j-¥j-^., by the help of (121), 

Now the cosine of the angle which the axis due to G makes 



with the axis of 2 is — ; writing for r' and w their values given 
in (122), 

'L °-<^l)' 

Whence, comparing (125) with (126), 

— = cos v' ; in like manner — , = cos A', ?-, = cos tt'; 

to CD cu' ~ ' 
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or. The perpendicular let fall from the centre on the tangent 
plane, drawn through the vertex of the axis of the centrifugal 
couple, coincides with the instantaneous axis of rotation due to this 
couple. 

The perpendicular p' is therefore in the plane of the impressed 
couple. 

LXIII. To find the component of the angular velocity cu 
due to the centrifugal couple resolved along the instantaneous 
axis of rotation. 

Let S be the angle between the axes of the rotations due to 
the impressed and centrifugal couples. Then 

cos S —^-i- — -ii; , or substituting the values 

of u>,p,q,r, ui',p',q',r', as given in (112) and (122), we shall 
have 

, 5, .f X dx y dy z dz"] 

•' Xa^dt^b* dt^c" dtS 

Now the part within the brackets is the differential of ' 

2p^ 

whence o-'cosS^"^, g=/^^ (1), but asco.^/, 

S'=-^tX^)'^^^°""Z7 = "'''=°'^- • (^27). 



Or, The increment of the angular velocity round the instantaneous 
axis of rotation, is due to the component of the angular velocity 
arising from the centrifugal couple, and resolved along the axis, 

LXIV. To investigate expressions for the lengths of u 
and P'. 

As u makes angles with the coordinate axes whose cosines 

are -r, -^, -5-, and is besides a semidiameter of the surface, 
ds as as 



F 4 
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\=\.d,) +[/s) +(rf.J 



a" 6» c" ■ 

„• dx dx dt dy dy dt dz dz dt ,ds ,^ , . ,,,., 
Now T-= TT J-, T^=37 3-, T-=jT J-' a°^ J7 =/tan 9, as in (116). 
ds d< ds dt dt ds ds dt ds dt ■' 

Again, as v'"^ = a' co8'x'+ 5* co8^/x'4 c'' cos^v', we shall have, 
putting for cosA', cos/a', cosv' their values as given in (124), 

^' ~ rdz\^ /d:r\2 /j sa (129). 

LXV. If we combine (116), (128), and (129), we shall find 

m eo' m ©' 

P'2 M= ~ a< ■*" 6< "^ c" ' 
but/ =/(j7). ?' =/ (S)'' '^ =/ (5"0 as shown in (122). 

(130). 



a^ 6^ 


c' 


Whence ri:)-=-:; . 






ds Gk / V 1 
^= ]^ see (lix.), and co 


f 
~P' 


co' GP* 





«)~kp'm (131> 

LXVl. To investigate an expression for the angle p, be- 
tween the axes of rotation due to the impressed and centrifugal 
couples. 
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The cosines of the angles which the axes of rotation make 
with the axes of coordinates are 

-J -, -, -, —, —,, whence cos p=^ — ^^^ — ; 



ui (H 00 ai 00 CO 



fx - , Adlj p(P-c'')yz. 
now ^=•'—2, and / = „ = '^ 2 t.2 / ' 
^ a' ^ or a' P c^ 

whence /?/)'= ^^-^f^ ( — -^y Finding similar expressions for 

whence cu co' cos p —■ '^^ rh—i — ( 1 32). 

The values of cu and to' are given in (113) and (130). 

This formula shows that whenever any two of the axes of the 
ellipsoid of moments are equal, or whenever the axis of the 
impressed couple happens to lie i>j one of the principal planes of 
the ellipsoid, the angle between the axes of rotation due to the im- 
pressed and centrifugal couples is a right angle. 



SECTION III. 

To determine the cones described by the axes of the Im- 
pressed and centrifugal couples, as also by the axes of rotation 
due to those couples; in other words, to investigate the loci 
of A, P, u, and p' referred to the principal axes of the body 
during the motion, is the object of the present section. 

LXVII. To find the locus of h. 

The equation of the cone whose vertex is at the centre, and 
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which passes through the curve in which the ellipsoid of mo- 
ments, and the invariable sphere whose radius is h, intersect, 
may easily be shown to be, 

G^-i^0^^+G^-p)3''+(i-S^^ = «- 033). 

The equation of a cone of the second degree, whose axes co- 
incide with those of the ellipsoid. 

This cone and the spherical conic section which constitutes its 
base will repeatedly present themselves in the course of the fol- 
lowing pages ; it may therefore be proper to denote them by 
some appropriate name. 

As the side of this cone is constant, being the axis of the im- 
pressed couple, it may with propriety be named the invariable 
cone, and the spherical conic may be termed the invariable spher- 
ical ellipse. 

LXVIII. To investigate the nature of the surface described 
by p the instantaneous axis of rotation. 

A,/x,v, being the angles which p makes with the axes, 

cos X _ c^x cosfc _ c*y 
C08V ~ a^z cosv ~ b'^z 

We have also the equations of the ellipsoid and sphere, 

X 2/ ^ 

-2 + T^+ "2= 1, x^ + y^ + z"^ = K^ ; eliminating x,y,z, we get 

"^ (l^-rO^^^'^ + ^'S-i^) cosV +c^(i-^,)cos=v=0. 
Let xyz be the coordinates of any point on the surface of 

the cone at the distance E from the origin, then cos A = - 

b' 

cos /*=-. cosy =-, and the equation of the cone becomes, 
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The equation of a cone which is also of the second degree. 
Ab this cone too will frequently recur, we may name it the 
cone of rotation. 

LXIX. To determine the equation of the cone described by 
the axis u of the centrifugal couple. 

Let x'y'z' be the coordinates of a point on the axis u of the 
centrifugal couple ; then 

dx dy 

x'_Ts_cf ( V—c' \2 y _ dl V / a'-c^ \ z 

z'~ dz~c' \a'-b')x ?~di~? [iiF^^jy =««(118). 

ds ds 

From these equations and the equations of the ellipsoid and 
sphere, eliminating x, y, z, we find 

o'(o«-*')(i«-c')Vz' + 4'(i'-*')(a'-c«)'xV + e'(c'-A')(o'-A')«*>y'=0(135), 
an equation of the fourth degree.* 

LXX. To determine the equation of the cone described in 
the body by p' the axis of rotation due to the centrifugal couple. 

* It may not be out of place to show that the equations of the invariahle cone, 

and of the cone of rotation given in (LXVII.) and (LXVIII.) are equivalent to 

the equations of the same cones given by Poisson in his Train de Micanique 

(torn. ii. pp. 151, 152.)- To show this, assume the equation of the vis viva 

given at page 140 of the same volume, A = Ap' + bj" + 01^. Now A=na', 

fx 1^ 

p = —, whence A./>'= n/"'-; i finding similar values for B?* and cr", we obtain 

{x* v* i"! 
— , + n + -« r = "/' >■ ^6 "Jso l'^'^* 

A = no', B = n4", c = nc*; 

*/= K = n/A, hence A«= n. n/'A'= ^. h.k\oi^ = ~ 

but the coefficient ( j - b) ™*y ^ written T(^~n) = "(l~Ts) = 

n /kf'— aA\ 

— I 1 ; making similar substitutions for the other coefficients and 

dividing by -p^, we get 

In the same way, (134) may be transformed into, 

(A" - aA) x* + (A" - bA) y* + (A" - cA) i' = 0. 
These are the equations given by Poisson. 
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The axis p' makes with the axes of coordinates the angles 
X,ju,',v'. Let x' y' z' be the coordinates of a point on the sur- 
face of this cone ; then 

Eliminating x y z from these equations, as also from those of 
the ellipsoid and sphere, 

a tr c 

which is also an equation of the foiurth degree. 

LXXI. The circular sections of the invariable cone coincide 
in position with the circular sections of the ellipsoid. 

It is a property of surfaces of the second order * , that if in 

• Let Aa;* + aV + a''z' + 2bj/2 + 2b' xz + 2B"iy ■i-cx + c'y + c''z = \, 
he the equation of a surface of the second degree, referred to rectangular axes. Let 
the surface now be referred to a new system of rectangular coordinates, such that 
the plane of x'y' shall be parallel to one of the umbilical tangent planes, or to one 
system of circular sections of the surface. If in this transformed equation we 
make z' =0, we shall obtain the equation of a circle referred to rectangular axes, 
if the roots are real. The equation being that of a circle, we thence derive two 
conditions, the equality of the coefficients of the squares of the Tariables, and 
the evanescence of the coefficient of the rectangle x't/'. Let 9 be the angle be- 
tween the axes of z and z'. K we take the intersection of the plane of xy with the 
plane of one of the circular sections as the axis of i', ifi being the angle between 
the axes of x and x', we shall have, by the known transformations of coordinates, 
and putting z' = 0, 

X = cos+x' + cosfl slnij'y', y = — sinif'x' + cosfl cosifiy', z = — sinSy. 
Substituting these values of x y z in the given equation, the resulting equation in *' 
and y is that of the conic section in which the plane of x'y' intersects the given 
surface. As this section must be a circle, we get the two conditions 
[(a-a")cos'i(i + (a' — a") sin'i)'— 2 b" sini(< cosi)/] tan-fl + 2 [b cosi)( + B'siniJ'] tanS 
= 4 b" sini)/ cosij'— (a — a') (^cos'^ - sin'<fi), and 

J _ b" (cos- if - sin*!)!) + (a — a') sinif. cosi^ 

tan V — ; ; : , 

B' cos If— B siwfi 

From those equations eliminating tan 9, we shall obtain a resulting equation 
of condition in ^, whose coefficients will be functions of (a — a'), (a — a"), (a' — a") 
b,b',b". 

As the coefficients of the squares of the variables do not enter the coefficients 
of the resulting equation, but the differences of those coefficients only, it follows 
that two surfaces of the second order whose equations are of the form 

Ax'+ a'/ +a"2' + 2 B^z + 2 b'xz + 2 B"xy &c. = 1. 

(a + A)x« + (a' + A)j' + (a" + A) z» + 2 Byz + 2 b'xz + 2 B"xy &c. = 1, 
will have the planes of their circular sections parallel. 
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two such surfaces referred to the same or parallel axes, the 
coefficients of the squares of the corresponding variables differ 
all by the same quantity, the circular sections of any two such 
surfaces are parallel. 

Now the coefficients of the squares of the variables in the 

111 
equation of the ellipsoid are -^, t2> -;2' ^^^ *^^ coefficients of 

the equation of the cone are -2— p> A2~P' ~^~Ti' °^ which 
the constant difference is rs- 

LXXII. There are some general properties of rotatory mo- 
tion, such as the principles of the conservation of areas, the 
conservation of living forces, 8sc., which may with much sim- 
plicity be established. 

Resuming the equation (74) and multiplying by w^ we get 

Hcu^=/<fm[Rsin6.a)]^. The integral bebg extended 

to the whole mass of the body. Now E sinflw is the velocity 

of the particle dm. The above integral, therefore denotes the 

sum of all the elementary particles of the body multiphed each 

into the square of its velocity. This is termed the vis viva of 

the body. 

f 
In (110) it was shown, that H=np% and «> = -; whence 

Ha)' = n/^, or the vis viva of the body is constant, since n and/ 
are constant. 

Let the vis viva of the body be denoted by F, we shall have 
F = constant . • • (137). 

Multiply the tangential equation of the ellipsoid of moments 
given in (81) hjf, then 

n/* = L/^r + M/^''' + N/'?'-2u/^"?-2vrf?-2wrfo. 

In (97), it was shown that 7?=/^, q=fv, r=fK, whence 
F = Lp'' + M2'' + Nr2-2D?r-2vpr-2;?7 . (138), 
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which is the equation of the vis viva in its most general form. 
When we take the principal axes as axes of coordinates, 

tT = 0, v=0, w=0, or F=Lp2 + Mj''4-Nr' . (139); 

the form in which the equation of the vis viva is usually ex- 
hibited. 

LXXIII. If we square the equations given in (95), and add 
the results 

K' = (I.' + v* + •w')p" + (m' + w' + u") ?' + (n"+ tt'+ V) r' (140). 

- 2 [u (m + N) - vw] gr - 2 [v (n + L) - w u] pr - 2 [w (m + I-) - uy] pq. 

In this equation is contained the principle of the conserva- 
tion of areas; for k? or its equal (Lp — vr— wg) is the sum of 
the areas described on the plane of yz, multiplied into the 
particles which describe those areas. Now those areas are pro- 
jected on the plane of the impressed couple, by multiplying this 
expression by the cosine of the angle between the planes, that 

... .^ , L»— vr— w<7 j^, „ {j.p—\r-wqf 
IS, by I or its equal -^ -, and thereiore ^-^ ^— 

denotes the sum of the particles of the body multiplied into the 
areas described by those particles on the plane of yz, and then 
projected on the plane of the impressed couple. Finding ana- 
logous expressions for the two other co-ordinate planes, we get 
for the sum of all the particles of the body multiplied into the 
areas which they describe on the plane of the impressed couple, 

{jLp—vr—wqf (ug—wp—vry (Nr—vg — v/))* 
i + K + ~^~ ' 

but the sum of these expressions must, we know, be equal to K, 
whence we obtain the formula given above. 

"When the axes of co-ordinates are the principal axes, 
T=0, u = 0, w=0, and we get the well-known equation. 

We may, in a very simple manner, establish the equations 
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which embody the principles of the via •vivaj and the conserv- 
ation of areas, without using the method of tangential co-ordi- 
nates, when we restrict our choice of co-ordinates to the principal 
axes of the body ; for 

fx 
L = na^ p=—^, as shown in (106) and (112). 

Finding similar values for the other analogous quantities and 
adding 

L/>^ + My= + Nr^=n/^ j'f;+^ + 5!j^n/^ = F, (142). 

Again, LV + M2y2 + Nr2=ny='(a:2+y + z2) = ny2A2 = K2 (143). 

LXXIV. Let p', 3'', r', denote the angular velocities round 
the principal axes, the components of the angular velocities due 
to the centrifugal couple ; then 

Ly2 4.M2y'2 + NV=K'xHan''fl . . (144). 

We have L = na', p' =f^-^, writing similar expressions for 
the other analogous quantities, 

ds f 

Now -j-=/tanfl, see (116), and-j= x, as in (114); 
(It A 



whence L* p'^ + M^ j» + ts^ /^ =n^/'/* tan ^9 
=u^p A^-J tan 

We may also show that. 



=u^P A^-J tan« 9 = K* x? tan'' fl. 



Lp'« + M?'= + Nr'''=F^. x'tan'fl . . (145). 



LXXV. Using the principles established in the foregoing 
pages, the reader will find little difficulty in verifying the fol- 
lowing theorems ; 
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p'l+q'm+r'n = .... (146). 

Ijp'l+iiq'Tn + Sr'n = . . . (147). 

p'l q'm _ r'n Id . /i^o\ 

1. ^ U ^ N 2k dt ^ ■' 

LXXVI. The sum of the squares of the distances of the 
vertices of the three semiaxes of the ellipsoid of moments from 
the plan of the impressed couple, divided by the corresponding 
moments of inertia, is constant during the motion. 

Let x^ be the distance of the vertex of a from the plane of 

X CLX 

the impressed couple. Then x^zizal, and ^=t> hence a:/ = -T- 

and L = na^ or — ^=— y^. Whence 
L nA^ 



LXXVII. The sum of the squares of the distances of the 
vertices of the three semiaxes of the ellipsoid from the plane of 
the impressed couple, divided by the squares of the correspond- 
ing moments of inertia, is constant during the motion. 

As before x,^ = ^, l'' = n^ a* • . • ^ = ^^ (^-^ . Whence 

LXXVIII. Let tangent planes be drawn to the vertices of 
a, b, c, the three semiaxes of the ellipsoid, cutting off from the 
axis of the plane of the impressed couple three segments. The 
sum of the squares of the reciprocals of those segments will 
be constant during the motion. Denoting those reciprocals 

by f, u, ?, we shall have p + o" + 52 = _, during the motion ; 
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for a^ = 1=-, or Af = -, hence 
A a 

f'+''^+?^=ig+f-:+^:)4 . . (151). 

Again, aaa'^ + J^u" + c^ 1^ r=(P + m« + n ■) = 1. 

f, u, 5 the reciprocals of the segments cut off from the axis of 
the plane of the impressed couple by three tangent planes 
drawn through the vertices of the axes of the surface, may be 
the segmfents of the axes of co-ordinates cut off by a7ii/ tangent 
plane to the ellipsoid. 

liXXIX. If through the vertex of k, which is a point fixed 
in space, a plane be drawn parallel to the plane of the impressed 
couple, this fixed plane will cut off segments from the axes of 
the ellipsoid during the motion, the sum of the squares of the 
reciprocals of which is constant. 

Writing f, u, ? for those reciprocals, we have 

Af=Z, kv=m, A?=n, hence r + "* + ?' = ^ (152). 



SECTION IV. 



LXXX. We must now proceed to the investigation of 
formulae, by whose aid we may be enabled to determine the 
position of the body at the end of a given epoch. For this 
purpose we shall obtain two distinct classes of formulae, to de- 
termine not only relatively to certain fixed lines within the 
tody — the principal axes suppose — the position of certain other 
lines, but also absolutely the position of those lines themselves 
in space. This double investigation is necessary, because the 
locus of a point will vary accordingly as we choose the axes of 
coordinates fixed in space, or varying in position according to 
some given law. For example, the instantaneous axis of rota- 

6 
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tion describes on* a sphere concentric with the body, and moving 
along with it a spherical conic, while it describes on a concentric 
sphere fixed in space, a spiral which undulates continually be- 
tween two small parallel circles of the sphere. 

Again, under certain conditions the same right line may 
describe in the body a plane, or on the moving sphere a great 
circle, while it describes in absolute space a sort of spiral cone, 
or on the surface of the fixed sphere a spiral, approaching very 
nearly to the loxodromic or rumb line. 

We have hitherto assumed k as lying between the mean and 
least semiaxes of the ellipsoid, or a^>P>k^> <?. Should we 
require to consider the case when k lies between the greatest 
and mean semiaxes of the ellipsoid, the formulae will be most 
easily fiiodified so as to embrace this hypothesis also, by taking 
in that case c as the greatest semiaxe, and b the mean semiaxe. 
as before, or a^<,l^<k'^< <?. While on the former supposition 
the binomials a^—P, c? — c^, V^ — t?, c^ — W, b^—K^, h?—<?, are 
all positive, on the latter they will all be negative. Now in 
the formulae which we shall have to deal with in the remaining 
portion of this treatise, these binomials occur generally in pairs, 
connected either by multiplication or division. It will result, 
therefore, that no efifective change of sign will generally take 
place, whether we suppose k to lie between the greatest and mean 
semiaxes, or between the mean and the least. The case where A 
is equal to the mean axe will require a separate investigation. 
When the body is a solid of revolution we cannot take N equal 
to L or M, or c equal to a or b, because we suppose c to be the 
greatest or the least of the three semiaxes. The only hypothesis, 
not inconsistent with previous assumptions, is l = m, or a=b ; 
and this is the assumption generally made, when the case of a 
solid of revolution is considered. 

liesuming the equation (121), 

dt aH^ 



dz f{a^-t)^)xy' 

If we agree to take -j— with the positive sign when a > by 
we must attach the negative sign whence a < b. 
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To integrate this equation, we mugt express x and y in terms 
z. This we can easily do, by eliminating x and y alternately 
from the equations of the ellipsoid of moments and the concen- 
tric sphere. We hence find 



X-= -, M= ^^ .' 

Making these substitutions, the last equation becomes 
dt^ ab^ 

To facilitate the integration of this equation, assume 



r?=. 



c^{a'-k''){b''-h?) 



■ (a* - *') {b^ - c'^) cos'^ <p + {b^- A'O (a^ - c^) sin^ 9 . ( 1 54). 

Substituting the value of z derived from this equation in 
(153), and integrating, 

f- i"^" r , ^^ (155). 



fV^a^-k^)i^b^-cy ^l-lgE^Kfcgjsin^, 
An elliptic integral of the first order. 

LXXXL The modulus of this function is the sine of the 
semifocal angle of the invariable cone. 

* If we assume the relations established in the note at page (75), 
A = n a', B = ni», c = nc«, A = n/», h' = n/A, r J~, ^ = -, and by the help of 

these relations eliminate from (153) the quantities o, i, c,/, z, k, we shall obtain 
the resulting equation 

+ Vab. cdr 



dt = 



[A'« - bA + (B - c) c r-l^EA A - k" + (c - A) c »^]1 ; 



the expression which Poisson arrives at, Traite de MScanique, torn. ii. p. 140. 

a 2 
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Resuming the equation of this cone given in (133), and 
writing a, and |3 for its principal angles, 



cos a 



Now £ being the semifocal angle of the cone, cos s = ^ 

see Ci), or sin £_ ^^^^^ "(a^-^^) {V^-c^)' ^°'' 



cna'c — s . ) \" "■ ■> , or sec a cos 6 = '^ ' ^ ' 

(a» - *«) (i=' - c^) c .^{a^ - \^) (J« - c«) 

and the coeflScient of the elliptic integral in (155) 

ahc , . , , abc^ sec a cos e 

^, may now be written 



In (114) it was shown that_/=Ax ; introducing this relation 
into the preceding coefficient, and making 

(155) may now be written 

it=c.oie I ^^ . .(157*). 

»/ V 1 — sin^ B sin^ 9 

In (55) it was shown that the arc o- of a spherical parabola 
whose principal arcs a. and /3 are given by the equations 

+„^2- l+siny .-^ 2 8in7 . 

tan''a=— — -. — £-, tan='p=:- r^— , may be repre- 

1 — sin y 1 — sm 7 

sented by an elliptic integral of the first order, or 

„:„ P d'P -if sin y tan a "| 

»/ V 1— cos'^y sm''<p (^ v 1— cos^'y sin^ip J 

writing 5 for the circular arc, we get the simple formula 

z7=(r — J . . . . (158). 
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In this case, taa*5 = - — ^^=cof'ig, or 2i + £ = T. 
1— coss " 

2 a and e are therefore supplemental. 

When evanishes, "^ =2'^~2' °^ *^® spherical parabola be- 
comes a great circle of the sphere. 

When the moment n of the body is very nearly equal to L or 
M, c" must very nearly be equal to a' or b^, and the coefficient 
i becomes indefinitely small. 

LXXXII. It may easily be shown that the amplitude <p 
assumed in (154) is the eccentric anomaly of the vertex of k, 
the axis of the impressed couple. Let a and b be the semiaxes 
of the plane ellipse, the intersection of the invariable cone with 
a plane which touches the sphere, whose radius is k. This plane 
is at right angles to the axis c of the ellipsoid, the internal axe 
of this cone. 

Let the plane which passes through the axis c and k cut the 
plane of the ellipse in the semidiameter r, making the angle tj/ 
with the axis a of the ellipse. Then as a3=A tan a, b = A tan ^, 
and p being the angle which k makes with the axis of z, 
B = A tan p, we shall have 

cosV = T°^g; as shown in (8). 

sin* o sin' $ 

Let <p' be the eccentric anomaly, then tan <?'= r tan ^, 

tana, , , „ cos' a ,.. 

or tan f = ^ tan 4-, and cos' p = ^^ — ^-5—7 (j). 

^ tanp ' 1— sm^Esm^ip 



In (154) we assumed 
c'iV-k'\ 



;t2- r (a--6»)(/i--c-) -. 

*°^ / ii_i2WA2_ 2\ = '^^^ ^ '■> comparing this expression with ( j ) 

we find ip = p', 

Or f is the eccentric anomaly of the vertex of A. 

o 3 
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LXXXIII. Resuming the equation established in (157), we 

may invert the formula, it= cose / _ ^ and ex- 

t/ V 1 — sin' e sin^ (p 

press the amplitude in terms of the function. Accordingly let f 
be a function of it, or f={it),* the parenthesis denoting a 
function of t7. Substituting this value in the value assumed for z 
in (154), we find the following values of a:, y, z. 

a\P- k^) (P- c^) sin" (it) 



(a'-A^) (P-c^) cos^ (^it) + (b^-P) (a'^-c^) sin« (it) 

P (a'-k'') (P-c^) cos" (it) 

'(a'^-P) (P-c") cos^ (it) + (P-P) (a^-c") sm^(it) 

c'(a'-W)(P-P) 

''(d'-P) (P-c^) cos'(it) + (P-P) (a'^-c^) sin' (if) 



(159). 



LXXXIV. We may also express x, y, z in terms of the time 
and of the constants of the invariable cone. Transforming the 
expressions given in the formulae (159), we find 



* That the assumption here made is allowable, may be shown as follows. 
Let (1 — c" sin'i/>)~* be developed in a series of cosines of multiple arcs, for the 
successive integral powers of sin' (p may be so developed. Accordingly let 

. -, = A + 2 B cos 2 (/) + 4 c cos 4 <f> + 6 D cos 6 f &c. 

Integrating these equivalent expressions, and putting t for / 9 ' •^^o^^ 

^ V 1 _ c" sin'i;>' 

2<= A</) + B sin2i/> + c sin4<() + D sin 6i^ . . . &c. now 

sin6(/>=6.}>- Y^ &c. 

Substituting these values of the sines of the multiple arcs of ^ in the preceding 
equation, 

i t = o ^ + j3 ())' + 7(^ + &c. ; 

or, by the inverse method of series, 

<(> = 0;[i<] + S/[it]'+ 7/ [«'<]' &c. ; ori(> may be taken as a function of it, or we 
may put ^ = {it), as in the text. 
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» taB«/8 sin' (it) j^ tan' a co s* (it) 

1 '"'(•■'>}■ (160). 



*" sec'o cos' (tO_+ sec'iSsin' ( it)' A" sec'ocos' {it) + sec" (3sin« (it) [ 
k* ~ sec'a cos' (i t) + sec' (8 sin' (i t). J 



From either of those groups of equations we may find the 
coordinates xyz of the vertex of k the axis of the impressed 
couple in terms of the time. We can thus determine the par- 
ticular diameter of the ellipsoid which happens to coincide with 
the axis of the impressed couple at the end of the time t. And 
if we suppose the ellipsoid brought into this position, we shall 
have the inclination of the equator of the body to the plane of 
the impressed couple. This however is not suflScient to deter- 
mine completely the position of the body. The body might 
take any position round this line as an axis, xyz remaining un- 
changed. We must therefore determine the position of some 
other fixed line or plane in the body. One of the most obvious 
is the intersection of the plane of the equator of the body or of 
the plane of xi/ with the plane of the impressed couple. The 
position of this line being ascertained at any epoch, the position 
of the body will be completely determined. 

LXXXV. To determine the value of a> the angular velocity 
at the end of any given time. 

Since 0)^=-^=/^^ — 4+f4+-4' \ substituting for xyz their 

values given in terms of the time in (160), we find 

fl tan'o ,,. . tan'/3 . "1 

\ -, + — n— cos'(iO + — r,-sm'('0 \ 

" ^^-^ 8ec^otcos\it) + sed'^siQ\it) ' ' '>'°'^- 

This formula may be simplified as follows. 
It was shown in (LXVIII.) that the instantaneous axis of 
rotation describes a cone of the second degree, whose equation is 

G 4 
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Let a! and /3' be the principal angles of this cone. It may 
easily be shown that 

*-^-'=:i[fc^]. tan^^' = y^^ . (162). 

Whence tana' =- tana, tan fl' = -5 tan 5. . (163). 
Introducing into the value of m these functions, we get 

a,2 ^ /' ^' [ S^*^" «' "QS" C^''^) + Sg'^' ^' S'Q° ('"0 "I » /-I 641 

~ c* 1.8ec^'='Cos''(tY) + sec^/3 8in^(iY) J ' ^ '" 

* Let the axis of the impressed couple very nearly coincide with one of the prin- 
cipal axes, — ^that of c suppose, — then A is very nearly equal to c, or to z, and the 

angular velocity round the axis of z, being given by the equation r="^,asin(ll2), 

/ 

r = -, a constant quantity, which may be put eqoal to n, or K=n. 

In this case the invariable cone becoming indefinitely attenuated, seco =1, 
sin e = 0, and A = c nearly, so that the formula given in LXXXI. 



c* sec a 



*/ / (a''-c')(6'-c') 



J "^ 1 — sin' e sin" ^ 



ipay now be written, n< = . . , . To nse the notation adopted bv 

V at 4. 

Poisson in the Traite de Mecanique, let A, B, c, denote the moments of inertia round 
the principal axes, then a = no', b = nt", c = nc', 

whence / ("'-Q (i'-C ), / (a-c) (b-c) _ ;, 
^ a' If V li *' 

or n 8 < = ^, whence i = n S . 

In (159) we ^^•^-^^- a'(y-^)(A'-c' )sin'.7 

(o«- A') (A«-c«) cos" it + (6> - A") (a'-c») sin" if 

Since A" is equal to c' nearly, let A" = c» + v', in which v is a quantity indefi- 
nitely small ; the above formula may now be written 

^^ >''o'[i'-e»_y"] sin"n8< 

(a'-c»)(6»-c")_»»L(6«_c")cos"ii8(+(a'-c«)sin"n8(] 
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We may also express the components p, q, r of the angular 
velocity in terms of the time 



-.i,/'**! tan'iBsin'CtO -i .^ Ptf \ tanVcos* (it) ■> 

o* lsec"ocos'00 + sec»)8sin>(iO j 6* I sec'acos'CtO + sec'flsin'OOJ 

c* L sec" o cos" (i t) + sec' ^ sin' ( «' () J 



(165). 



LXXXVI. The angles, which the instantaneous axis of ro- 
tation makes with the principal axes, are given by the equations 

cos A. (^ X c* ^ - . ,.- cosa c^y c* ... 

— - — =-s -=-5 tanp sax (it), !- = ^=^ tana cos(e<) 

cosv a* z a^ ^ "^ cosv b^z b^ ^ ■' 

or as tan «' = t2 tan a, tan /S' = — ^ tan ^, as in (163). 

COS Ut 
= tan/3'sin(t7), ^=tana' co8(i7) . (166). 



cos V ^ ' cos V 



cos'X = tan'y sin' jit) _ tan' a' cos' (.Q 

sec*o'cos'(«0 + sec"/3'sin'(tO' Bec"a'co8"(i() + sec'^'sin'(i0 



cos'i' = 



sec" a cos" (it) + sec' /3 sin' (t t) 



>-(167). 



or neglecting »" when added to finite quantities, 

. i^o'(J»_c')sin"nS< ™ , . ., ..,.,• 

r = I -»i /li — j^~ • Taking the square root and reducing, 

/* rfu^VCb'-c'}. sinnSt. ., vf 

•V- = . Now assume , =a, 

o« Vn«a«6«(a'-c")(6'-c") -/n«a«6"(a"-c")(A"-c") 

fx . 

whence -j = ov b(b— c) sin (iiSt+7). 7 is added, since z and < may be sup- 
posed not to vanish together. In like manner, '-^ ~ " "^ a(a— c) cos (n S t + 7). 
In (112) it was shown that p='^, 5 = it. whence 



P=o-v/b(b-c) sin (n!< + 7), 8'=ova(a-c) cos(nSt + 7). 

These are the formulae established by Poisson, on this particular hypothesis, by 
methods wholly dissimilar. {Traitede Mecanique, tom. ii. p. 154.) 

"When * is absolutely equal to c, v=0, and therefore a = 0, or p=0, 5=0, what- 
ever be the value of t. Since k=/ An, F=/"n, we get 

a If — he 

o* = , ^ ~ff q i or using Poisson's notation, o' = t'X'h-c^ ' 

1,11(1,— ii)(m—n) AB(A— C)(B-C) 
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These equations give us the positioa of the instantaneous 
axis of rotation with reference to the principal axes, in terms of 
the time. 



LXXXVII. We must now, in order completely to determine 
the position of the body at the end of the time t, investigate a 
formula which will enable us to ascertain the position of some 
other line in the body at the end of the given epoch. We may 
take the right line in which the equator of the body — the plane 
of xy suppose — and the plane of the impressed couple intersect. 

The angular velocity of the body round the axis k being 
uniform and equal to x, the angle described on the plane of the 
impressed moment in the element of the time dt will be x dt, 
or the angle x < in the time t, measured from a given line in this 
plane, its intersection with the plane of the equator of the body, 
or the plane of the axes a, b. But this line will itself have an 
angular motion on the plane of the impressed moment during 
the time ; this angle may be denoted by \I/. Whence the whole 
elementary angle will be 

dJ/ T . .1 • IT d^ . d'\i rf3 

^— + X. Liet this angle be -7-, then -= — I- x rz -^-. 
dt ^ dt' dt dt 

Now this elementary angle is the projection on the plane of 
the impressed moment of the angle on the plane of a, b, over 
which the projection of the axis k on the plane of a, b, passes in 
the time dt. Let p be the angle between those planes, or the angle 

between the axes k and z. Then cos p = t> and the angle of which 

-;— is the proiection is =-. Hence the area described on the 

dt ^ ■' z dt 

k dd 
plane of a, b, by the projection of A upon it, is ^(•r^+y*) - -5-. 

This area may also be represented by the expression 

^( 2/-J — ^Zjf\ Equating those expressions for the same ele- 

, , ,,A dd / ,,dx dv\ , . 

mentaryarea, (x^+/)-^=(^3/^^-ar^J . . (a). 
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^ dt b^c^ 'dt~ a'c-' ,asm(_l^l). 

Whence 

The equations of the ellipsoid and sphere give 

Whence 3, -- . ^=/. (—^) (c) 

f 
And as x' + 7/^=k^— z^, t=^) we at length obtain 

Whence ^^+x=x(^) (^) . . (168). 

To integrate this equation, assume as in (155) 

z^ {a?-k'') (i^-A') 

tr" ~ (a!* - A^ ) (S^ - c2) cos^ <p+{P-k^) (a^ - c^) sin= f * 

Whence ^!^ -^= (^'-^') (^'-^') .. 

wnence ^^ ^2_^2 i^ (a2_A2)-A2 (a2-62)8in2^ '^®'' 

And writing for dt its value given in (154) we obtain by 
integration 

_ (i'-A') ac /^» d0 

"''""'"'"6A^(a'-A')(6'-C)/ rj,*! (^Ir^^i^.^-] ^ 1_ sin^e sin^ a 
«y L *' (a -«^) -I 

Now e being the eccentricity of the plane base of the cone, 
the locus of the axis of the impressed couple, (156) gives 

tan'a-tan'<3 _AV-&^ ^ (169, 

(P—^i^ac tan/3 , v 

We find aIso ^^;(^._,,j(,._^) =±^cosa (1.0). 
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Taking the negative sign when b > a. 

Introducing those transformations, the last equation becomes 

. . tan(3 p dp 

^=—tt + - — -coBmff^ „ • o n ;- . „ ■ =- (171). 

— tana ^ [1— e^'sm^p] v'l— sin^esin^f 

If we now turn to the formula given in (24), we shall find 
that this elliptic integral is the analytical expression for an arc 
of the spherical ellipse, supplemental to the one whose principal 
arcs are a and /3; supplemental in this case, therefore, to the 
invariable conic. Writing o- for this arc, we get the simple 
relation 

4/=— xf + (r . . (172). 

We may hence infer that the line of the nodes describes au 
angle which is made up of two parts : one of those parts is a 
circular arc increasing uniformly with the time ; the other o- is 
an arc of the spherical ellipse, which is the base of the cone 
supplemental to the invariable cone. Now, as the axis of the 
impressed couple is always a side of the invariable cone, the 
plane of the impressed couple will always be a tangent plane to 
the supplemental cone ; and it may easily be shown that the 
line of contact of the plane of the impressed couple with this 
cone is always at right angles to the line of the nodes. 

It follows, therefore, that this line in the time t will describe 
the angle xt + a: 

The angle ^^ xt + a-, we may conceive to be thus described. 
Let the supplemental cone be conceived to roll on the plane of 
the impressed couple with such a velocity that the axis of the 
conjugate tangent plane may describe the invariable cone with the 
velocity given in (116). Let, moreover, the invariable plane be 
conceived to revolve uniformly round its axis. We shall then 
have a perfect idea of the rotatory motion of a body revolving 
round a fixed point, free from the action of accelerating forces. 
In this manner it is shown that the most general motion of a 
body round a fixed point may be reduced to that of a cone 
which rolls without sliding with a certain variable velocity on a 
plane whose axis is fixed, while this plane rotates round its axis 
with a certain uniform velocity. 

This cone is always given, and may be determined as followE : 

The circular sections of the invariable cone coincide with the 
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circular sections of the ellipsoid of moments, see (LXXI.). 
Whence the cyclic axes of the ellipsoid, or the diameters per- 
pendicular to the planes of those sections, will be the focal 
lines of the supplemental cone. As the invariable plane is 
always a tangent plane to this cone, we have elements suf- 
ficient given to determine it. For when the two focals of a 
cone and a tangent plane to it are given, we may determine it, 
just as we may a conic section, when its foci and a tangent to it 
are given. 

LXXXVIII. From these considerations it follows that we 
may altogether dispense with the ellipsoid of moments, and say, 
that if two right lines are drawn through the fixed point of the 
body, in the plane of the greatest and least moments of inertia, 
making angles with the axe of greatest moment, whose cosines 

i,(m — n) 
shall be equal to the square root of the expression ^ __ y 

and a cone be conceived having those lines as focals, and touch- 
ing, moreover, the plane of the impressed couple, the entire 
motion of this body will consist in the rotation of this cone on 
the invariable plane, with a variable velocity, while the plane 
revolves round its own axis with an uniform velocity. 

Let ACB be the mean section 
of the ellipsoid, on, ON' the cyc- 
lic axes ; then if the plane of the 
impressed couple coincides with * \ 
any of the principal planes, the 
cones round the cyclic axes as 
focals, become planes also; and the axis of rotation coincides with 
one of the axes of the figure. 

Again, if the plane of the impressed couple intersects the 
mean plane between N and c, it will envelope the cone whose 
focals are o N, O n', and whose internal axe is therefore o A. But 
if It intersect between a and N, it will envelope the cone whose 
focals are on, OM, and whose internal axe is OC. Whence the 
range in the former case — which may be taken as the measure 
of the stability of rotation round the axe whose moment is the 
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greatest, — is to the range in the latter case — which may also 
be assumed as the representative of the stability of rotation 
round that axe whose moment of inertia is the least, — as the 
supplement of the angle between the cyclic axes of the ellipsoid 
is to the angle between those axes. 

It is also evident, that the sign of the spherical elliptic arc 
will depend on the sign of the binomial (U^ — A^) in (170). The 
signs of y.t and o- being contrary when b > k, they will be 
the same when b<. k. "We may therefore infer, that the di- 
rection in which the angle tr shall be described will depend 
upon the position of the axis k in the body ; whether it lies 
within the region between the planes of the circular sections of 
the ellipsoid, or without. 

From the theorem established in (IV.) we may infer that the 
product of the sines of the angles, which the cyclic axes of the 
body make with the plane of the impressed couple, is con- 
stant during the motion ; for the cyclic axes of the ellipsoid of 
moments are the focals of the cone supplemental to the inva- 
riable cone. 

LXXXIX. To determine the angle between the instanta- 
neous axis of rotation and the line of the nodes. 

Let this angle be 8', The cosines of the angles which the 
axis of the impressed couple makes with the axes of coordinates 
being as before /, m, n, let the cosines of the angles which the 
line of the nodes makes with the same axes be I," m," n," . X, fj., », 
are the angles which the instantaneous axis of rotation makes 
with the same axes. 

Then cos 8' = I" cosx + m" cos ft + n" cosv . . (a). 

As the line of the nodes lies in the plane of the impressed 
couple, 

= l"l+m"m + n"n • • . . (b) 

and as it is perpendicular to the axis of z, 

= /"cos I + m"cos ^ + n"cosO, or = n". . (c) : 
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and the two former become 

cos S' = ?" cos X + wj" cos jj., = l"l+m" m, and Z"^ -\-m"'^=\. 

from the last two equations, m" = , , I" = — ^=:^ 

, „ Zcosu.— »ncosX , X y Fx Py 

whence cos8= — ;now/=7,?n=f,cosA=-r-,coBa— -jf 

V P + m^ « « a'' b' 

ie(a^ — P)xy 
orcosS=-^— — ^ . . (173. 

When two of the moments of inertia are equal, L = m suppose, 
a=b, and cos8'z=0, or 8' = 90. Whence we infer that when 
the body is a solid of revolution, the angle between the instan- 
taneous axis of rotation and the line of the nodes is always a 
right angle. 

The angle 8' is also a right angle whenever the axis of the im- 
pressed couple lies in one of the planes of the principal sections 
of the ellipsoid, for then x = 0, or y = 0. 

XC. To determine the angle between the line of the nodes 
and the axis u of the centrifugal couple. 

Let X be the angle which the axis u of the centrifugal couple 
makes with a fixed line, ^l/ the angle which the line of the nodes 
makes with the same fixed line ; then as the line of the nodes and 
u are in the plane of the impressed couple, see (L.), the angle to 
be determined is (% — i>)- 

Now the cosines of the angles which u makes with the axes. 

The values of l", m", n" were found in the last article, 

in ^ m" = . ~ n" = 0. 

k ft/ dx X du "X 
We may hence deduce cos (x - ^) = "vF^^ \l d's~kd^] 
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, dx _dx dt dy dy dt 

ds ~ dt ds' ds ~ dt ds 

,dx W-c') dy Jc^-a") . ..... 

Whence^co8(x-4')= 7^^^ -^¥1^ 5 

The part within the braces is ^^ ^ — -, and-y- =/ tan 6; 

whence cos(y - \J/) = - [ — 5 — )cot S. 

VA^ + z^V c^ J 

p being the angle between the axes c and A, cos p = t- Introduc- 
ing this value of z into (120) and the trigonometrical functions 
of a. and /3 the principal semiangles of the invariable cone, as 
given in (156), 

^^ -' sin^p — cos^a C08^^ tan^p 

(sin'^a — sin^'p) (sin^'p — sin*fl) 

and tan* (y - ^J/) = ^^ ^^ — V^. \ ^^ (175). 

^-^ ^' sin^'a %varp cos'p ^ ' 

This formula leads us to infer that when ci=^, ;^ — ^|/ is 
always 0, or ;(; =4/; whence the axis of the centrifugal couple, 
when the solid is one of revolution, always coincides with the 
line of the nodes. 

Again, whenp =a, or p = ^, ;^ = 4* ; that is, whenever the axis 
of the impressed couple lies in one of the principal planes of the 
solid, the axis of the centrifugal couple coincides with the line 
of the nodes. 

XCI. Let segments equal to R measured from the centre 
be assumed on the three principal axes of the body, the sum of 
the areas described by the projections of those lines on the plane 
of the impressed couple is constant. 



rfSc 

dt 
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Let Sc be the area described by the projection of a portion of 
the axis of c equal to B on the plane of the impressed couple. 
Then the projection of E on this plane is k sin o, and the differ- 
ential of the area ^ rr^E'^sinV?; now 8inV=^i'r^' 
at 'at ' k' 

^^Tt = ''{^- (r^) (F^)};whence 

= ixB='J 1 — ^[ (a)- In like manner, 

dt '"^{^ aM' JF-^^^X^ Pi- 

.^jp^ dSa , dSb . dSc , , f „ ar* v' «* 1 

Or Sa + Si + Sc =e''x< + constant . . (176). 

XCII. Should the lengths b instead of being equal, be 
proportional to the square roots of the moments of inertia round 
the dorresponding axes ; the sum of the areas described by the 
projections of those lines, on the plane of the impressed couple, 
is still proportional to the time. 

Let E* = — = — . w being a constant. Then (a) in the last 
article may be changed into the following, -j^ = x— (c* — z*). 

Whence Sa + Sj + Sc=^ x (a^ + i^* + c* - A^) ^ + con. (177). 

The square of the angular velocity round the instantaneous 
axis of rotation is always proportional to the area of the dia- 
metral section of the ellipsoid perpendicular to this axis. 
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SECTION V. 



XCIII. In the preceding sections formulae are given which 
enable lis to determine the position of the axis of rotation, and 
of the axis of the plane of the impressed couple, with reference 
to fixed lines taken within the body. It still, however, remains 
to determine the positions not only of those lines, but of the 
fixed lines within the body, relatively to absolute space. True, 
we may by transformations of co-ordinates, and by the choice 
of other variables, obtain solutions from the formulae already 
established, by methods which are however tedious, complex, 
and not a little obscure. It will be found not only the most 
direct, but by far the most elegant method of procedure, to 
conduct the investigation independently, and start £rom first 
principles. 

As the body must now be referred to fixed lines in space, it 
is no less obvious than natural that we should assume the plane 
of the impressed couple as one of the co-ordinate planes. Let 
this plane be taken as that of a/y', its axis the axis of zf. More- 
over, let the plane of the greatest and least principal axes of 
the ellipsoid of moments coincide with the plane of i!zf, at the 
beginning of the time t. The instantaneous axis of rotation 
will be in the same plane at the same epoch, and will make 
with the vertical axis k, an angle whose tangent is given by the 
equation 

tan^0 = ^ ^ ^ (178> 

This may easily be shown, for the perpendicular from the centre 
on a tangent through the vertex of k, a semidiameter of an 
ellipse whose semiaxes are a and c, makes with A an angle, 
whose tangent is given by the last formula. 

In like manner, for the principal section whose semiaxes are 
h and c, we get 
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We now proceed to establish the following proposition : — 

XCIV. TJu area described by the axis u of the centrifugal 
couple, on the plane of the impressed couple, varies as the time. 

The following relations were established in (1301 ril6\ 
(113), (114): ^^ ^' 



dt _(o' ds ^. a 



f f 

eo = ^, and>c= -fj: 



% a)' p A 

whence - = —j- « tan ^ 
to Pm 



(180). 




Let o be the centre of a 
sphere whose radius is 1, z 
the point in which the axis 
of the plane of the impressed 
couple meets it, and o i the 
direction of the instanta- 
neous axis of rotation at the 
end of the time t. Let the 
plane which passes through 
these lines o z, o i, or the 
plane of the centrifugal 
couple coincide with the 
plane of xz at the same in- 
stant. Then the axis of T will at that instant be the axis of 
the centrifugal couple; and the perpendicular from the centre 
on the tangent plane to the ellipsoid, at the point where the axis 
of T intersects it, will be the axis of rotation due to the cen- 
trifugal couple. See (LXIL) Let the direction of this per- 
pendicular be OJ. Through ou let a plane be drawn. If 
we assume along o i, o J the instantaneous axes of rotation, 
lengths o i, Ot, proportional to the angular velocities to, »' round 
these axes, the diagonal o i' of the parallelogram constructed 
with those lines as sides, will represent in direction the instanta- 
neous axis of rotation at the end of the time t + dt. 

Let o I, o r taken in this proportion, be the sides of the paral- 

H 2 
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lelogram ; the diagonal o i' will be the contemporaneous posi- 
tion of this axis of rotation. 

Let the angle z o i = ^, Y OJ = 6', also let 8 be the angle 
between the planes of i o J and z o x. Then, as the instanta- 
neous axis of rotation due to the centrifugal couple lies always 
in the plane of the impressed couple, see (LXL), the line o J is 

in the plane oi xy\ and the angle s O'S. = ~ — 6'. Let x 

be the angle which the vector arc 6 makes with a fixed great 
circle of the sphere passing through z. The instantaneous axis 
having moved into the position oi', the arc zi will have moved 
into the position zi', or through the angle dx,, in the time dt. 
Let I u be an arc of a great circle perpendicular to zi', and as 
ii'u is an infinitesimal right-angled triangle, we shall have 

dy 

1 1' sin S = lu = -A sin 0. Again, as ijx is a spherical 

triangle right angled at x ; sin i j : sin j x : : 1 : sin 8, 

cos 6' 
or sm I J = — : — ^. 
sm h 

We are also given by the construction, 

co'_ sinii' _ li'sinS d^ sin'd 
o) sin IJ cos^' dt cosd' ' 

and (131) gives — = — ;— x tan 6. 

Equating those values of — , and introducing the relations 
p=A cos 6, f'=u cos 0', we get 

«'f = *'" (181). 

dy 
Now M* ^ is the elementary area described on the plane of 

the impressed moment, by the semidiameter u of the ellipsoid 
which coincides with the axis of the centrifugal couple ; whence 
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the area described by this semidiameter is proportional to the 
time, or 

Cu^ -^ dt = k^xt + constant .... (182). 

XCV. To determine the position of the instantaneous axis 
of rotation in absolute space, at the end of any given time. 

If along the axes of rotation due to the impressed and cen- 
trifugal couples, we take two lines to represent the angular 
velocities due to those couples, the diagonal of the parallelogram, 
constructed with those lines as sides, will represent the instanta- 
neous position of the axis of rotation. 

Now if we turn to the fig. at p. 99., we shall see that 

sin 1 1' : sin IJ : : ai' : to, and ultimately -7- = sin 1 1' ; whence 

^=- sinlj; or (5-) = —^ ^^ cos^ IJ . (a). 

dt at \dt J co^ oi^ 

The general formula for the element of an arc measured on 
the surface of a sphere is 

We must now reduce this formula. 

dv " A' 
In (181) it was shown that -^ = -^, and in (131) that 

— =. — sin ^. Making the substitutions suggested by those 
transformations, we get 

We shall now proceed to reduce the first term of the second 
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member of this formula. To facilitate the calculations, let 
Q = A^x«sin^^[^-l,]. 

Multiplying by l-r) > we shall have 



(d> 



«, it must be borne in mind, is the arc of the invariable conic, 
and zyz are the co-ordinates of the vertex of k referred to the 
principal planes of the ellipsoid. 

Now if we turn to (LXIV.) and (LXV.) we shall there 
find 

_ii = (ii" (1)' (i)' 

T'^u" a* b* c* 

/rf»\' (dxy /^y (dzy 

\dtl _ U/ + \dt)_ ^ \dtl_ 



b* 



(e). 



Q' = (I)" - m - m 



Making the substitutions suggested by these transformations, 
we obtain 



a1b<ci%YQ 



»" k*ein'e 






MakiBg the obvious reductions in this equation ; 
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\M ^ _n IN!" /'dvy fdzy 

&-»-»)■©■©■- a4.)"(i)'(i)' • ■ (.> 

We have also, (121), 

(^) =/* ^^V" '^^'' ^^ reducing. 

Finding similar values for the other symmetrical expressions, 
substituting, introducing the relation, x" + y" + ^' = A* ; 

ds . 
and writing for 3- its value /tan Q ; we obtain 

Q _ f x A» sin e (g'-i") ( a'-c ') (6'-c") xy z- \ » 

^ ~ L a^J^c^tan^^ J * " * ^•'''• 

a,' 2 
We have now to compute the term —^ cos ' i J. 

In (LXVI.) it was shown that the angle between the axes 
of rotation due to the impressed and centrifugal couples, was 
given by the formula ■ 

cos IJ = -l-^ -IJL—L ; 

0)0) 

whence-^ cos^ u = \^-^ ^^ ). 

In (112) and (122) it was shown that 

Finding analogous expressions for q ^ and r r' ; 

H 4 
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Now CO = •'— = 



_/_ / 



^^^^^ as in (114); and 



J2_ca c*_a2 a2_52 (fiS-c!') (a'-c'') (a^-i") , 

"iia cos IJ ^g-^^-^g . (^k;. 

Multiplying this expression, numerator, and denominator, bj 
tan*5, writing xkiorf, and in the expression 






(m.) 



substituting for the terms of the second member the values 
found in the preceding equations, reducing and taking the 
square root, 

dd _ y.¥ sing cosg (a'-6')(Z>''-c'X«'-c') xyz 

dt ~ a< J*c*tan^g " ' ' ^^^^^• 



XCVI. We have now to express xyz in terms of fl. 

Combining the simultaneous equations of the ellipsoid of 
moments, of the concentric sphere, and of the perpendicular from 
the centre on the tangent plane to the ellipsoid ; namely. 



X V z 

_» T^ 12 ~ .2 — '■> 



x^+y^ + z^=k% and 



we obtain from these equations, 

j:' _ [&" c" tan' e-(P- P) (A' - c") ] ^ 
c^~ A^(a2-c2)(a2-Ji') 

f _ [(«'- ^') (^' - c°) - a' c' tan' 6 } 
¥ k' {a' - b^) {P- c«) ' 

z^ ^ [a' &' ta n' g + (a ' - A') (6" - P ) ] 
c< A' (a' - c') (J'—c') 



(184> 
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Substituting these values of xr/z in (183), the resulting equa- 
tion will become 

d?=»VE^S tan» e*{a'-lflXbf-k')}[IAfl tan" 9-(iia-*»)C*>-<:»)][(a!'-*3)(*"^5):^2^tm> «] ^ '' 

This is an elliptic function t)f the first order, which may be re- 
duced to the usual form by assuming 

a'b^c^ taxi^e=(P-c^)lb\a'-k^) cos'' \ + aXP-P) sin" x] (186). 

Before we proceed further, we shall give the geometrical 
interpretation of this assumption. 

Let a cone be conceived whose internal axe shall coincide 
with the axis of the plane of the impressed couple, or with the 
axis of z, and whose principal arcs shall be the greatest and 
least elongations of the instantaneous axis of rotation &om the 
axis of the impressed couple. This cone will generate on the 
surface of the sphere a spherical conic, the tangents of whose 
principal arcs axe given as in (178) by the equations, 

^. ^„ Ja'-k'Hl,-.-, ^ ^, ^„ =(i!=fiij!=£!) . . (,87). 

Q, C U C 

This cone may be named the cone of nutation. 

Now, if from the centre of this curve, the vector arc 6 is drawn 
to a point on it; X is the angle which the perpendicular arc from 
the centre on the tangent arc through the vertex of 9, makes 
with the principal arc a". 

To simplify the results, let 

:K. = Pc^ tan^^-(*"-P) (A'-c"), 
Y = (a"- A'') (A'- c'') -a^c'^tan^e, 
Z = a'b^ tan* ^ + («*-A^) (6"-A»); 

and the equation (185) will become 

dt a'P<^Un^e ^ _ 

dfl ~ X sin cos VX.Y.Z. 

If we differentiate (186), and make the transformations 
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resulting from that assumption, we shall get the following re- 
lations : 






X = {d'-V^XK'-i^) C08=' X; 

T5-Y = (a='-J=')(P-c«) sin * X; and 

J Z=(a»-A2X*'-''')co8' x + (&*-A')(a'-c')8in*A . . (189). 

By the help of these transformations, equation (188) takes the 
form 

dt = ^"^^ X ^^ (190) ; 

which is precisely the same elliptic function we found in (156), 
differing from it only in the amplitude A, and the sign. When 
b>a the positive sign must be taken. We shall show pre- 
sently that 9 and A have opposite signs. 

This formula may be thus written, as in (157.) : 

+ c*seca p d\ /^nn\ 

t = . ^^ X cose / — ====== .(190). 

j^^ Aa--d-) (f-c') J VI -sin'' e sin » A ^ ' 

When the functions are complete they become identical, as 
tJiey manifestly should be, because the maximum and minimum 
values of $, the greatest and least elongations of the instantaneous 
axis of rotation from the axis of the plane of the impressed 
couple, should be given by the same formula, whatever system 
of axes we choose ; as this value must be independent of the 
position of any axes chosen at will, being a function of the 
constitution of the body, and of the magnitude and position of 
the impressed couple. 



XCVII. To determine the angle x» which 6 the vector arc, 
drawn from the vertex of k, makes with a fixed plane passing 
through k the axis of the impressed couple. 
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Resuming the equation ^ =^ , established in (182), we 
have now to express m" in terms of A. 

If we turn to (128), we there find 

(|)"_ 0' g)" &)• 
=^©)' = -'■©■ -''■(!)• -*■(!)•. 

m^^ % b, the reUtio^ (*)■ = © V (|)V g)' 

now T-V - /'(&'-^')'^y i^rfyV _ /'(a'-c')':cV 

Making these substitutions, we shall find, aW/rf£y _ 

m' \d tJ 

Eliminating x' and 5/^ by the equations of the ellipsoid and 

ds 
sphere; introducing also, the relations -z- = ftsa 0, and 

a' i» c* tan'd = (a'-c") (b'-c') A» z^-c* (a»- A") (A'-A"), 

given in (120), we get 

A» _ a" y c* tan " g + (a'-A") (ft'-A") (c'-A") 



a" J» c» tan" ^ 



(191). 



In this equation substituting the value of tan 0, given in terms 
of X in (186), we obtain 

1 (g" - A") cos' X + (A' - A') sm' X , . 

„s - js(a2_ A^) cos'' A + a» (6»-A») sin'' X • ' ^ )■ 
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Now this may easily be reduced to the form 
1 - (°'-^') Bin^ X 

1 J2 b'(a'-lf) 



(192»). 



but it has been akeady shown that 

_ i£--Z — /= e* ; e being the eccentricity of the plane el- 

liptic base of the invariable cone in (169); whence 

I— (^) [r^h^^ ■ ■ (-> 

Introducing this value of — into the equation ^ = xl ~ dt, 

writing for dt its value given in (190), and integrating, we 
obtain the final result, 

The negative sign to be taken when b>k. 

This formula diflFers from (171) only in the amplitude. 

When the functions (171) and (194) are complete, the values 
of ■^ and x become identical, as they manifestly ought to be, 
because in (XC.) it was shown that the line of the nodes coin- 
cides with the axis of the centrifugal couple whenever the in- 
stantaneous axis of rotation lies in one of the principal planes of 
the ellipsoid. 

XCVIII. If we eliminate tan ^ between (158) and (186), 
we get the following relation between iji and X : 

tan If tan X = sec e ; . . . (195) j 

hence -r^ = ; — — ^ ; or ip and A have opposite signs. 

dX sm 2 X rr •& 

But these angles diflfer in their origin by a right angle, since f 
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18 measured from the plane of be, whUe K is measured from that 

of ac ; adding - to A. to make their origins coincide, 
tan f cot \ = sec e. 

Now when the ellipsoid is a figure of revolution, a equal to b 
suppose, the invariable cone becomes a right cone of revolution, 
whence the angles between its focals vanish, or e = 0. Therefore 
(p is always equal to X ; that is, the amplitudes of the functions 
are identical throughout their whole extent, as plainly they 
ought to be, because in this case the line of the nodes always 
coincides with the axis of the centrifugal couple. 

when ^ = 0, A. = 0, and when p=-, A = -. 

We may repeat here what has been said in (LXXXVII.), 
that the expression 



-c'^J n-i 



P k^ ^(a'-P) {b^-c')J [1 - e" sin* A] Vl - sin^ e sin* X 

may be transformed into this other, 

tan|3 /^ dx 

_!- cos a. f , 

tan a J [1 — 6=* sin* X] -/l — sin* = sin* X 

which r^resents, as was shown in the same section, an arc of 
the spherical conic, supplemental to the invariable spherical 
ellipse. 

The relation between x and X is given by the following equa- 
tion, 

_ tan/3 /*_ dx 

^- ~ tana ^°^ "y [1 — e* sin* x] Vl— 8in*e sin'x 



c* sec a „„„ P 
— cos E / — 

A* e'e" J Vl- 



dx 



sin* £ sin* X 

in which e' and e" are the eccentricities of the principal sections 
of the ellipsoid passing through the axis c. 
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XCIX. We may now determine the angular velocity, round 
the instantaneous axis of rotation, and the nutation of this axis 
in formulae of great simplicity. 

Since in (190) the time is given in terms of X, we may reverse 
the formula and obtain X a function of €. (See note, p. 86.) 
V in this equation is no longer the same numerical quantity as t 
in (LX X XTII.) ; for while all the constants in (^155) and (190) 
are the same, the amplitudes 4> and A are different. Accord- 
ingly let 

/ : t :: ^ : t. ox''— = i. 

Hence jt = i1f . . . . (196*> 

Let X = {i t'), or X = {j t). 

Then in (186) writing for tan*^ its value -^ — 1, we get 

1 (a^ + c* - A«) 2 , . (*" + c^* - A') . . , , , 

-J = "- ^-= / cos'' X + ^ — 1-—- '' sm« X . (a). 

Let p, and p,, be the greatest and least values of p, then 

I _ coa^ X sin* X 
^ ^~2~ "*" T,2 .... (b); 



or p is a semidiameter of a plane ellipse whose principal semi- 
axes are p, and p,,. 

K 12 and Of are put for the greatest and least angular velo- 
cities, 

f f 

12 = Z., G' = =i- ; we hence get for the angular vdo- 

city the very simple expression, 

<»''-Q?cos'{ji),+ Q.'^mi^{jt) . . (197); 

or the angular velocity varies as the perpendicular on a tangent 
to a plane ellipse whose principal semiaxes are 12 and 12'. 

In the same way writing and 0' for the greatest and least 
values of fl, the nutation of the instantaneous axis of rotation 
from the axis of the plane of the impressed couple, we obtain 
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tan* e = tan* cos« 0"') + tan' ®' sin" 0" • • (198). 

This formula may easily be obtained. Multiplying (b) by 
A*, subtracting 1 from the first number, and cos* A + sin* X from 
the second, we obtain ( 1 98). 

C. If now it were possible to eliminate X from the equations 
(186) and (196), we should have a direct equation between i 
and Xt tte polar spherical coordinates of the curve. We cannot 
do this, but still we may perceive, that as ^the equations in- 
volve the angle x simply and no trigonometrical function of 
it, while d is a periodic function involving sines and cosines of 
arcs which increase with the time, the curve must be some sort 
of spiral described on the surface of the sphere. But although 
this direct elimination is in the general case extremely difficult, 
perhaps impossible to effect, we may however, be enabled 
successfully to investigate some of the more important properties 
of this spiral in the general case, and to give its polar equation 
in a particular case of rotatory motion. 

CI. This spiral, analogous to the herpoloid of Poinsot, has 
two asymptotic circles on the surface of the sphere. 

The angle which the vector arc 0, of a spherical curve, drawn 
from the origin to any point on the curve, makes with a tangent 
at that point, is given by the equation 

tan I = sin 5 4^ (199> 

at 

This is evident, because the sides of the elementary right- 
angled triangle on the surface of the sphere are the element of 
the arc, the differential of the vector arc 0, and the distance 

sin 0^ at that point between two consecutive meridians. 
dt 



We may transform this equation into 
tan 



• /i dy dt 



J 7 2 

Now in (181) it was shown that _^ = x -. 
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^jjj k^_ a' P e> tan" g + («' - F) (6' - F) (c' - /t' ) 

/ 1 qrn ~: „» <^ ^ c?h^<? tan'' i 

(185) gives -—= — ^-j- — „ , ; whence 

d5 X sm cos ^ a/XYZ 

cos VXYZ ' ^ '' 

Now if we turn to (XCVI.), we shall there find, whatever 
supposition we make with respect to the magnitude of A, that 
some one of the factors X, Y, Z, must be essentially positive, 
and cannot become cypher. In this case, Z is essentially posi- 
tive. Making X = 0, and Y = 0, successively, we get 

t^.p- (&^-^')(^'-^) tan*^-(^lZLi!K^LzLi!). 

We ' -^fl^ ' 

but when X = 0, or Y = 0, tan j = oo, or « is a right angle ; 
hence, when Q haa either of those values, the spiral touches one 
or other of the circles whose spherical radii are the values of 
tan Q given above. 

If we make d greater or less than the limiting values just 
given, either X or Y will become negative, and the value of tan Q 
therefore imaginary. We may hence infer that the spiral on 
the surface of the sphere is confined between two planes parallel 
to the plane of the impressed couple ; and that it always undu- 
lates between two parallel lesser circles of the sphere, having 
its apsides alternately upon them. 

Let v, and P/, be the greatest and least values of p, the per- 
pendicular from the centre of the ellipsoid of moments on the 
tangent plane. The area of the spherical belt or zone, within 
which the undulations of the spiral are contained, is equal to 
2^A(p,-pJ. 

CII. It was shown in (LXVIII.) that the instantaneous 
axis of rotation referred to the principal axes of the body gene- 
rates a cone of the second degree. We shall now proceed to 
establish the following remarkable theorem. 

The length of the spiral between any two successive apsides is 
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constant, and equal to a quadrant of the spherical ellipse generated 
by the cone of rotation. 

Let 0- be the arc of this spiral, 

(188) (181) and (191) give us (^1\ = ''^ sm"gcos^ g(X.Y.Z ) 
^ ^^ \dt) a*b*c*Un*d 

f^X' 'la' d = '^^ sin^ d la^Pc-' tan^ g + (a" - A^)(&-^ - A^)(c'' - A^ )] 
\dtj ^ a*b*c*Un*0 

making the requisite substitutions in the general formula for the 
spherical arc, we find 

\dt) a«4'c*tan'fl '•''^' 

In (XCVI.) we found 

Xzzb^c^ tan* d-{b^- /fc')( A^ - c^), 
Y = (a=-F) (A=-c')-a'' c^* tan= 0, 
Z = a^ J'2 tan^ ^ +(a'-F-) (Z.--/t^). 
Substituting these values of X, Y, Z in the preceding formula, 
squaring the second member, and adding, we shall find, after 
some rather complicated reductions, 

'(a'-A')(6--A)(c--A) 






a' b- c- 



cos'BQ,). 



We must now reduce this formula to a form suited for inte- 
gration. In (186) we made the assumption, 
a= b^ c' tan^ 6= (F - c^) {J- (a^ - F) cos^ X + a^ (i^-;t=) sin^ X} . 

Let us continue this assumption : reducing we find 

• .a-(*'-g')f b' (a'-k'-)cos'K + a(.b--k-)sin*\ \ 

*'° W~ I 4^ (a- + c- - A') cos- A. + a (6- + c^ - A ) sin« A J 

and 

a- y- c- 



(c). 



"^ A-[A'(a'+c'-A") cos' A + a« (A* + <:'-*-) 9m= A] 

Substituting and reducing 



* e-D' 



ic-/6=(A--c-) 



( «--*-) (g' + c'-A-) eos"X + (4'-* ) (i' + c--A) sin- > 
[6=(a- + c — A=) cos-A + (j(4- + c- — A') sin^Ap 

I 



(d). 



(e)- 
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— denotes the velocity of the pole of the instantaneous axis 

of rotation along the spiral which it describes. We thus have 
the velocity of this point given in terms of X. We shall return 
to this expression. 

To change the independent variable from t to A. 

Multiply the last equation by the equivalent expressions 
given in (190), namely 

fdt\ 2 gi b^ c^ 

\dl) ~ x^ l? \{a? - F) (6^ - c") cos= X + (6' - A') (a" - c«) sin^ x] 
and we shall have 

t'-c» ~[4»{ii'+c«-i')co8'».+<i2(62+<:2-*^)sin2x]2[(o2_*2)(62_c2)co82>.+(42-*')(a'-c»)Bin2A] * '' 

We now proceed to show that this expression may be reduced 
to an elliptic function of the third order and circular form. To 
simplify the calculations, write 






\ ■ (202). 



Making these substitutions, dividing by a^ b^ <?, and taking the 
square root, we obtain 



da 

d\ r A cos'X + B em'\ 



abc ./W^r^' ~ I C cos^A + D sin'X J -/(A"cos-^A + B sin^A.)( U cos'A + V sin^A) ^^°^^- 

To integrate this equation, assume V tan'' X = U tan" * (204). 
Introducing the changes arising from this transformation, the 
last equation may be reduced to 



da U(AD-CB) 



abc^)f^c~ C(DU - CV) VaV 
(AV-BU) 



i-(^^)«^-}y^^^?)^ 



d* 

f. /AV_BIT. 



"(DU-CV)v'AV 



d* 



/. /AV-BU\ . , 



(205.) 



We have now to compute the value of the coefficients, mo- 
dulus, and parameter of this expression. 
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From the relations established in (202), we get, writing I 
and J, for the first and second coefficients. 



1 = 



U( AD -CB)o ft cVa'-c' 



a (ft=-c'^)(6' + c'-A')Vi5ZA2 



C(DU-CV)VTV '''^(b -k%k'-c'')(,a?-c'X<i' + c'-K') 



J _ (AV-BU)aftcv^FZp aft / (a' -if) (ft'-AQ 

The parameter = -^y- = ft'(a'-cO(ft--A)(a'+c'-*o 

rru ri.u J 1 AV-BU (o'-i») (o' + ft'-*^) 

The square of the modulu8=-^^ =( a^-c')(a' + e'-*0 



> (206). 



Let us now take the cone described by the instantaneous 
axis of rotation, with reference to the principal axes of the body. 
The equation is given in (LXVIII.), namely, 

a» (a« - k^) x^ + P (i« - F) y^ + c" (c' - A») «* = ; 

and we shall find, writing as before a' and yS' for the principal 
arcs of the spherical ellipse, the intersection of this cone with a 
concentric sphere, that 



tan'o' = 



b\b--k'y 



'= ft' (ft'-*') 

(ft-'-c)(6- + c'-A°-) 



^ , Bin- o' 



^ e'(A '-c=) - 
(6'-c')(6' + c--A") 



a-(a —Ir) 



a' (a'-k-) 



sin'8'^ <'"( *' -^'> 

"(a'-c')(a' + £=-*')' (a'-c-)(a' + c'-A') 



(207> 



If we write 2 e' for the angle between the focals of this cone, 
we know from (XVIII.) that its value, in terms of the principal 
arcs of the spherical ellipse, is given by the equation 

^ 5 , cos'-'/S' — cos"*' 

tan* e' = — ^—, 

cos^a' 

Substituting the particular values of these functions just 
given, we obtain 
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^ c' («»-&') (A' -c^)(a' + &'-F) 
i" (a'' - c") (i'' - F) (a« + c^ - P)' 

Hence tan' «' is the parameter. See (XVIII.) 

Let' 2 ij' be the angle between the circular sections of the 

T^ r J • /m\ iU i. • 2 / sin^ a' — sin'' ^' 

same cone, it was lound m (21) that 8mV= . , , • 

^ ' sar of 

whence sm* rf = )— „() „ ^ ., — r^f 

(a^ — c^) (a'' + c''— A*) 

or sin >;' is the modulus. 

Let us compute the value of the first coefficient I. 

Making the necessary substitutions, we obtain the resulting 
expressions : 



_ a(J2— c") {b'' + c'-k^) Va^ - P _ cos /3^ 

~ b c -/(a" - c^) ( J« - /fc'')(/t'' - c^X^" + c' - A') ~ ^8 "' S'O "'' 

In like manner we find for the second coefficient J, 

j_a6 / (a' — k^) {P - F) _ COB ct' cos ^' 

c W (a^- c2) (/fc2 - c^) (a' + c" - F) sin a' ' 

Making all the substitutions just indicated, (205) may be 
transformed into 

Arc of spiral = ^-^ — -, /= , . „ -, — — 

cos a' sm a'^ [1 + tan^e sra'<PJ Vl—aiaW sin"* 



_ cos /3' /^ rf 4> 

cos a' sin a'^ [1 + tai 

cos a' cos ^' /^ d<t 



a i/ v 1 — sin^ )) sm' 4> ^ ' 



sm a' t/ Vl _ sin' >)' sin' * 

It was shown in (XXII.) that if there are two circular 
elliptic functions of the third order with positive and negative 
parameters, having the same modulus and amplitude, the para- 
meters being respectively the square of the tangent of the semi- 
focal angle, and the square of the eccentricity of the plane 
elliptic base of the cone, the expressions are connected by the 
following equation, given in (44) : 
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co6^ 

cos a gin 

_ *a°^ 
tano 



«»/[l + 



<{<(> 



sm^^ 



cosa co»|8 /* d^ 

tan- « sin- ((>] -/i_sin'j| sin^^" »"> « »/ Vi—gin^i, si 

sinfl C ^"^ + t„^-.r«tan.8in<.co8<,T 

^ [1 -e= sin" .>>] -/i -sin' ,, sin- ^ »■ ♦'l-Bin^n sin'^xj 

If now we introduce this relation into the preceding equation 
(208), we shall obtmn for the final result, 



Arc of spiral =-^5A sin 5' 1^^ .5- 

^ tana' J[l — e'*f 



rf* 



[1 - e" sin" 4>] -/ 1 - sin'' V sin* * 

I ^^^-. r^ tans' sin <!> cos 4>1 .goe). 

I A/l-sin''V8in«4> J 

In (IX.) it was established that the expression 



tan ^ 



^/rr- 



(f ^ 



tan a. J [1 — e* sin* <f\ Vl — sin" tj sin 9 



is the value 



of an arc of the spherical ellipse, the principal angles of whose 
generating cone are 2 a and 2 |3, the angle between whose cir- 
cular sections is 2>), and the eccentricity of whose plane elliptic 
base is e. It was shown in (50) that 

^_, r g tan s sin f cosy 1 .^ ^^ ^^ ^^ ^ ^^^^ ^j^.^^^ ^^^^^_ 
1 -/l— sin*>j sin'y J 

ing the spherical conic, intercepted between the point of contact 
and the foot of the perpendicular 
arc from the centre on the tan- 
gent arc. 

Make the angle a o d = <)), draw 
the arc d n a secondary to A B, 
and through C draw the tangent ^ 
arc c T. . 

The length of the spiral = elliptic arc A c + circular arc c t. 

The length of the spiral between any two successire apsides is 

found by taking * between the limits and ^ At those limits 

I 3 
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T vanishes, and the expression becomes the length of a quad- 
rant of the ellipse ; hence we obtain this remarkable proposition. 

The length of the spiral, between any two of its successive 
apsides, is equal to a quadrant of the spherical ellipse, described 
by the pole of the instantaneous axis of rotation, on a concentric 
sphere which moves with the body. 

If we turn to the relation assumed in (204) between A and 4> 
for the purpose of facilitating the integrations, and substitute for 
U and V their values in the equation, 

Vtan'x=Utan»<I> 

we find tan« 4> =^ tan' A, or tan^^ * = l^!~fj 1?!~ ^'2 1^^" ^•» 
TJ (a' — A'') (Jr — c^) 

or tan 4> = cos e tan X. 

But K and the amplitude ip used in the investigations in this 
and the foregoing section, are connected by the relation esta- 
blished in (195), 

tan ip tan x=sec e. 

Hence ^, X and 4>, the amplitudes used in the preceding in- 
vestigations, are connected by the equations, 

tan <1> = cos e tan X, tan ^ tan X = sec e. 

Multiplying these equations together, we find that 

tan (p tan *= 1, or ip + *= ^ . . . (210). 

cm. Let e, «', e" be the semifocal angles of the invariable 
cone, of the cone of rotation, and of the cone of nutation respec- 
tively. Then 

„ cos' a (6' — A') (a' — c') . /T -v-vv-rs 

"^^^ = c-^= (a'-A')(&'-c') • --(LXXXI); 

J , cos' a' J'(J'-A')(a'-c')(a'-|-c'-A') . ,„^^, 
"'' ' = c-^^= a'(a'-A')(^'-c')(5' + c'-A' ) "^ '" ('^^)' 

cos'.-=^= ;:(^':-;-^^;) from (187) 
cos' p" b^{a^ + c^ — A') ^ ^ 

Whence cos ( = cos e' cos e" . . . . (211). 
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Let e" be the eccentricity of the plane base of the cone of 
nutation. 

then e"" = tan' a" - tan' /3'- _ k\a^-b^) 
tan* a." i« (a» - A')- 

But it was shown in (169), that e'= ^^fL^- whence c=e"; 

0^ (a^ — A') 

or the plane elliptic base of the cone of nutation is similar to 
that of the invariable cone. 



CIV. When the revolving body is very nearly a sphere, as 
in the case of the planetary bodies, a, b, c are very nearly equal. 
In this case, the ellipse of rotation is indefinitely greater than 
the ellipse of nutation, as may thus be shown. 

J2(j2_p)' ^° P a'(a'-A') 

tan' a"= (-'-^l(f-') , tan ^"=Cilz_^!fcf!) ; whence 
a^ c' 6' c' 

tana" 



"=^\ / {a'-k^X^'-k' ) tanr_«\ /( a'-A')(6'-A') ,„,.. 



tana' c' v' a' 6' 'tan|3 

Now when a, ft, c are very nearly equal, k also must nearly 
be equal to one of those quantities ; whence as k approaches in 
magnitude to one of the axes, the above ratio becomes indefi- 
nitely smalL 

As the length of one undulation of the spiral depends solely 
on the magnitude of the principal arcs of the ellipse of rotation, 
and is independent of that of nutation ; it is evident that when 
the body approaches in shape to a sphere, several revolutions of 
the body must occur between one extreme position of the axis 
of rotation and the one immediately following. 

When the body is very nearly a sphere, we may approximate 
to this number. In this case the ellipses are very nearly circles, 
and the number of revolutions n will be the ratio of their cir- 
cumferences; or 

I 4 
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_ circumference of circle of rotation _8in a! _ tan a! _ » 
circumferenceof circle of nutation" sin a" tana" l — n; 

or, in the usual notation, n= nearly, since a-=.b-=-k-=c 

A — c 

nearly. 

CV. On the velocity of the pole of the instantaneous axis 
of rotation along the spiral. 

The velocity v along the spiral is the value of the expression 

— . This value has been found, ( (e) of CII.) to be in terms of A, 

, _ «' l?{lf-c') [(g'- A'Xo' + c'-k^) cos' A + (6'-A')(y +e'-*') gin'A] -gjg. 

We shall now proceed to find the maximum and minimum 
values of v by the ordinary process of differentiation. For this 
purpose differentiating equation (b) of (CII.) and putting the 

differential of (-j-) equal to 0, we shall obtain 

0=^. sin 6)008 1 Q(8in='5-co82^)-2Tco8*^] . . (214); 
writing Q for a^+b^ + 0^-211^, 

and T for (a^+6»+c»-A»)r(.^!:i*!X^!jz^!X£!::^)]. 

L a" J* c* J 

In this equation there are four factors, any of which equated 

to cypher would satisfy the equation; either ^ — =0, sin^=0, 

dt 

cos e=0, or Q (sin» ^-cos'^)— 2 T cos* 6=0. 

We shall now proceed to show that they are all inadmissible 
except the first. 

We cannot have sin 0=0, or cos 6=0; or 6=0, or 0=-; be- 

cause the magnitude of the angle is confined within certain 
limits, given by the equations (178) or (179); neither can we 
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have QCsin^tf— 003"^)— 2T cos" ^=0 ; for if we assume the truth 
of this supposition, we shall find, writing Q^ for Q, 

tan«e,= Q^?? orsec='e, = ^i^fD . . . (a). 

We must now compute the value of this expression. 
Since Q=a='+J»+c''-2P, and 

we get, after some reductions. 

Now this expression may be reduced to the symmetrical form 

(6» + c«-/fc«)(a» + c*-A«)(a» + 6»-A') . . (c). 

whence sec^5 = 2A' (^'H-C-^') (a' + c^-A' ) ( a' + ^'-A^) ,^. 
wnence sec v, - ^, ^^ ^, ^^^ + J" ^ c* - 2A'') ^ ' 

The greatest value of sec Q, which the conditions of the 
problem admit, is given by the equation (178), 

,s — A' (g +c —A ) j^^^ ^jjg j^^jjj j|£ those secants be n. 



sec 



or n 



;» = 2- 



we shall find that n is always greater than 1 : put sec ^,= n sec 0; 
Bec»^,_ , 2 (y + c'-A')(a' + 6'-A') 
°^' ^^^^-" 6»(a» + 6^ + c^-2A-^) 

2(a'-A'')(A'-c'') ^ ^jjg extreme limits of A 
'6»(a« + 6» + c»-2A») 

are a and c, let A«=a^-«», A«=c''+y'; « and y being positive 
quantities, which are small when compared with the axes. This 
expression may now be written, 

, o ^a'y" . or n is equal to A^2'nearly, since the 



122 

second term may be neglected. We have therefore 

sec 6,-= A/2~8ec©; 

a value of 6 which cannot be admitted, since © is the maximum 
value of 6. 

The only remaining factor is — ; differentiating (186) and 

at 

making ^-=0, we get, — ft*(a* — J°) Bin2x=0, an equation 
at 

which is satisfied by X =0, or X = — , but these values of A, give 

^=0, and 5=0'; or, the maximum and minimum velocities of the 
pole of the instantaneous axis of rotation along the spiral, are 
at its greatest or least distances from the centre of the spiral ; as 
we might indeed have anticipated. 

Taking the second differential of this expression, 

-P(a«-6«)cos2x; 
this is negative when \ = 0, and positive when X = — . There- 

fore the velocity is a maximum when X = 0, and a minimum 

when x= -. Or the velocity is least at the inner apside, and 

greatest at the outer. 



SECTION VI. 



CVI. We shall now proceed to determine the curves traced 
out by the poles of the principal axes of the body, during the 
motion, on an immovable concentric sphere. We shall first in- 
vestigate the curve traced out by the axis c of the ellipsoid, or 
the C spiral, as for the sake of brevity it may be named. 

Let p be the angle between the pole of the impressed couple, 
and the pole of the axis c. Then the usual formula gives us 
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Now, p being the angle between k and the axia c of the 



eUipsoid, co8p=-, em p = — , tan p = 

ft, n Z 

hence ( t-^J = -p a- ^^ {^^^) i* was shown that 

Before we proceed further, it is proper to show that the 
curve has two asymptotic circles ; for » being the inclination of 
the vector arc to the curve, at the point of contact, 

. dj, 

"° ^ d f ab(c'- z«) , . 

tan I = — = ^ ^ .... (a). 

dp VXY ^ ^ 

dt 

When X= 0, or Y=0, we shall have tan » = oo, or i = -. 

The radii of the asymptotic circles may be found by making 
X = 0, and Y = 0, or (a« - P) c^ - {a'-c') z" = 0, 

and {P- c") 2» -(P — P) c^ = 0. 

Resuming our equations, and making the suggested substi- 
tutions, 

^Pc<_ /d£\ ^ ^ XY + a'P{c^-z')\ ^^^^^^^ tjjjg expression 

x' A' \dty (A — z ) 

by the help of the preceding relations, we obtain 

a' ^' c' /'^V= c« (a* + *' - A') - («* + *' - c') ^* • (215). 
x'A" \dtj 

Let distances a', J', c' be assumed along the axes of the 
ellipsoid a, b, c, and inversely proportional to those axes; so 
that aa! = bb'-=cc' = h\ Let v, v', v" be the velocities of the 

extremities of these lines respectively. Whence c' ~ will be 
the velocity of the extremity of c'. 
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or »"=c' ^ = *! l5; hence (^\ = ^^ v"\ Substituting this 
dt c dt \dtj k* ^ 

value in the last equation, and multiplying by a' b\ we find 

Writing analogous expressions for the other axes, and intro- 
ducing the relations given by the equations of the ellipsoid and 
sphere, we find, on adding those expressions, 

„» + v» + v"^ = 4yL (a» + 6^ + c» - A«) . . (216). 
a b' c 

We have therefore this theorem : 

If right lines are taken along the three principal axes of the 
body from the centre, and inversely proportional to the square roots 
of the moments of inertia round those axes, the sum of the squares 
of the velocities of their extremities is constant during the motion. 

CVII. Let us now resume the general equation, and pro- 
ceed to find the lengths of the spirals, traced by the principal 
axes during the motion. The equation for c is, as in (215), 

^^ (^)'= "" ^''^ "*"*'- *'^-("'' + *' - "') '' • (^^- 

Assume as in (155), 

^2^ (a' - P) {P - k') c' 

(a" - k^XP^ - c^) cos* <f + (b^- k^) (a» - c«) sin* p' 

and substitute this value of z in (a) ; we shall then have 

o'ft' /(i<r\g_ [a'(a'-y) cos' ■p + b\b^-k'') Bin'.).] 

ic^*^(A--cO \dt) [(a^-A^ {b!'-c^coa'<p+ (6^-*^(a^-c=) sia'f] ' ' ^^ 



*°*^ \d<p) k' *^[(o»- A^) (6^-0 cos'' 4) + (6= - k'Xa' -c") sin^^]" ™ ^^^^^ ^"^ 
Whence 

1 (da\ VaXa''-A')cos'» + y(y-A')Bin> 

cvl^IF U*>/ (.a' -b')il>'-c^ cob' <l> + (lr'-k')(a'-c')sm'<l> ' ' ^"^• 

Let A = a* (a* - k?), C^ (a* - P) (P - c*) l 

B = 6»(6*-A*), D = (6*-A*)(a*-c?)i ' ^®'^" 
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cVk'-c' \d<p/ ccos-<(> + nsm> vTcos* <>> + b sitf <)> ' 

and this expression may be transformed into 

1 VdffX _ BC-AD 1 

, A-B I • f217) 

Equations (e) give us 

BC-AV _ -(a''+P-c^)(b^-k^) A-B _ a^ + P-k^ 

c(c-d)~ {P-c^){P-c') ' C-D P-c» 

\ . (g). 
A-B_ (a''-6'')(a»+&'-A'') c-D_ (a''-i'')(P-c') 

r*^ a^(a«-A») ' C {a-'-k^Xb'-c^l 

Now e'" = tan^«'-t^'^'; aa in (12). Substituting the 
tan" a' 

values of tan «', tan /3' given in (207), we get 
,,2_ (a''-^')(«''+^'-^' ) = iZ^ ; hence c' is the modulus. 

. , (a^-b^)(k^-c^) C-D 
In (156) it was shown that 8m''e= ^ ^-hn(P — cA ~ c ' 

whence sin* e is the parameter. Making these substitutions, 
we obtain the resulting equation, 

dip 






sin'<f> 



As sin" e is less than e", this elliptic function is of the third 
order and logarithmic form. That it is so, may be shown by 

constructing the expression (1+n) (l+ ^); or in this case 
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cos' e (1 — . - ) =cot' e(Bin' e — e"); whence the criterion 
sin" e J 

of circularity becomes - \.^y_\.^ ^,,.!.\.^ ^i._,.{ i^)' 

This is a quantity essentially negative, whatever be the value 
we assign to A between its limits a and c. Hence the polar spirals 
described during the motion by the greatest or the least prin- 
cipal axes, are rectified by elliptic functions of the third order 
and logarithmic form. 

When the ellipsoid is one of revolution, the elliptic function 
may be reduced from the third order to a circular arc In this 
case a = h, whence sin s = 0, e'=0. 

Adding together the coefficients of the integrals, now become 
identical, we get 

tana'ip (219). 



1^ — t? 



CVIII. Multiply equation (218) by the expression 



'.^ 1 ° "*" £-, which depends solely on the moments of 

ab c 

inertia of the body. Let m be written for this factor ; then 
(218) will become 






o''Av'(o'-A)(/i -c=) »/ ^\-e"sia'<t> 



(a'-y)(y- 



-y)(a' + 6'-c')i /* 



a^b(,l>'-c')^.\a^-ie)(k'-c')J Ll-sin^t sm'((>] -/x-e" nm^ip 



(220). 



Now e is the focal angle of the invariable cone, and e' is the 
eccentricity of the plane base of the cone of rotation. Let 
there be a cone which shall have the same focal lines as the 
invariable cone, and a plane elliptic base similar to that of the 
cone of rotation. Then a.^ and /3, being the principal angles of 
such a cone, we shall have, see (12) and (13), 

tan*«, — tan'/3, ,, , cos' ^,— cos' a, . , , . 

-^ tv = e'2, and ?^^-— ^=sm'e . . (a). 

tan' a, cos' ^, ^ ^ 
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ortanS= "H^'-'^^) ,tan'^= ^'(^'-'^') (b). 

^— --g^fc^f^! ■ • ■ (°> 

By the help of those relations, if we construct the expression 

— '—— we shall find it to be equal to the coefiScient of the 
tan ^, ^ 

elliptic function of the^rs^ order in the equation (220). In like 

gi 
manner if we construct the expression — '—— cos'' a, we shall 

^ tan /3, 

obtain the coefficient of the elliptic function of the third order 
in the same equation. Accordingly (220) may be written, 

"" - tan 3,^ Vi_e/sin <>. tan 3, i/ [l-sin'e, sin'^] Vi-e/gin'^ '' '' 

Now if we compare this formula with (75), we shall find 
them identical. Whence we infer, that the length of the spiral 
described by the pole of the greatest or the least axes of the 
ellipsoid on a fixed sphere, — the semidiameter k being the next in 
the order of magnitude to such greatest or least axe — will be 
equal to the length of the curve there defined, as generated on 
the surface of a sphere, according to a given law. 

In that definition, we assumed cos i = wi sin 4/ cos \|/. i' being 
the corresponding angle in the spherical ellipse,, it is not diffi- 
cult to show that cos i' = sm >j tan ») tan p sin ^ cos ^. tj being 
the angle between the axis and the circular sections of the cone. 

CIX. On the spiral described by the pole of the greater 
principal axis, or the A spiral. 

In the general equation (215) substitute x for z, and inter- 
change a and c ; we shall then have 

?1^ /^l£'V=aMc»-Ki»-A»)-(c»-l-6*-a"):r' • • (a). 
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In (159) we found 

"^ ~ (a' - k^) (6«- e^) cos^ 4> + {b^-k^) {a^- c^) sin'' if' 
Substituting this value of i* in the preceding equation, and 
introducing the value of ( -J— j given in (155), we obtain the 

resulting equation, 

d^ 

a a/^2IIA2 ~ (a^ - k^) (b^ -c^)coB^<p + {P - k^) {a^ - c^) sin'' <p ^ '' 

This expression may be reduced in the same way as (d), 
in (CVII), omitting the steps for the sake of brevity. The 
resulting equation will be found 



dip 



_(&'-A') (y + c'- a')r o'(a'-*-) ~] i f d<t> 

(a^-60(a'-*') L(6'-c')(6' + c--A')Ja/ [1 -sin-6siIl>]^/T:: 



Bin'o'6m'<(> 



(222). 



An elliptic integral which is also of the third order and 
logarithmic form. 

The parameter is the square of the sine of the semifocal 
angle of the invariable cone, while the modulus is the sine of 
the major principal arc of the cone of rotation. 

When a-=b, sins = 0, and the above expression assumes the 
form, 

-=(-^.II^)--y-7T^-?^^-^ • (223). 

In (XXIII.) it was shown that cos a' f '^'P 

^ -v^l— sin^a' 

the algebraical representative of an arc of the spherical parabola 

whose major principal arc a, is given by the equation 

, , 1+cosa' 1 , , a' x 

tan'* «/ = :; -. = z— , ; whence «, + _ = _ , 

1-cosa' tan' a' '2 2 

2 

or a' and 2 a^ are supplemental. 



sin'^ If 
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ex. On the spiral described by the mean axis b of the 
ellipsoid, or the mean or B spiral. 

In the general equation (215), interchanging b and c, also y 
and z, we obtain the result 

fory substitute its value given in (159), 



r = 



\. = a\a'-P), C = (a*-A'')(J»-c'). I 



(a-— A") (6«-c*) cos'^ f + (6»- A») (a» - c^) sin^ f 
Introducing the value of { -r— ) found in (155), we shall obtain 

1 f^Z"^ - ^aX«'— <^') cos' ^ + (g" -c''](a' + c'- A') sin "^ ,,. 

bVb^-hAd(p J~{a^- k") iV" - c") co8» (p + (6» - A'X"'' - «') sin' ^ ^ '" 

Let A = a» (a' -A"), 

B=( 

And the preceding equation may be written 

^ /c?o-"\ AcosV + Bsin'y 1 

bVV^^^Ad^J Ccos'ip + Dsin'ip A/Acos'f+Bain'f ^ '' 

or as B > A, this equation may be transformed into 

VB ( d<t" \ _ BC-AD /2 d<f> _ 

«V673pU^J-D(C-D2/ri + ^£r£) cos'*] /i _ ('-M co3^* 

<f4> 



(B-A) /♦ <<» 



CDS'* 



(224). 



If we now compute the value of the coefficients in this equa- 
tion by the help of (c), we shall find, 2 t being the focal angle 
of the invariable cone, as showA in (156), 

K 
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= sin' /3'. /3' being the lesser prin- 



B-A_ c'(A'-c'') 

cipal angle of the cone of rotation, as in (207). We have also 



D(c-D) (i'-A^) (a«-6') '"""-^B-v^a c /^a +c «; 
making those substitutions, (224) becomes 

(a'-L*) •y(a'-c'){b'-l^){a* + c"--k)J [1 + tan= « «<>»'■' <>] ■^l -sin' ^ cos <> 

''j.':'g? r '^» . . . (225). 

(a^-6')A/(a^_c')(a- + c-*-)^-' •^l-sin'/S' cos^<p 

As the parameter tan' £ is positive, the elliptic integral of 
the third order is of the circular form. 

When a = b, tan £ = 0, and the elliptic integral of the third 
order in the preceding equation is reduced to the first. Adding 
the above expressions together, and reducing, 

<^ = I — T — 75— I cos a' / — ^ . . (a). 

\, a^-k^ J J Vl-sinSa' cos'?> 

This expression agrees with the one found for the greater 
spiral, diifering from it only in the amplitude, which is comple- 
mentary. 

We shall now proceed to eliminate from (225) the integral of 
the first order. 

Multiply this equation by the factor a /( "''-^')(^'-c*) . 

V 6'(a» + c»-J') 

Let as before a.^ and ?>, be the principal semi-angles of a cone 
whose focals shall coincide with those of the invariable cone, 
and the planes of whose circular sections shall make the angles 
jS' with the internal axe; then asauming the equations establi^ed 
in (13) and (e), we shall have 

tan'g.-tan'g ,^ ^^^, ^ ^ (a»-&') (P-c' ) ^^ 

8ec'/3^ ' (a'-c')(i'-A»/ 
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sin* a, -"° ""' - "° ^ -(a»-c')(a' + c'-A') 
as in (207); whence, making the substitutions indicated, 
*««» (a«_J>)(a» + c«-A=) . jfl a»(a»-J') ..^ 

by the help of those equations, we may show that 



C08f3, _ {a*-k^) V{P-c^{a^J^c'-h') 

cos «, sin a, A/(a»-c«; (a»-Z>») (6* -A'') (a'' + c»-A») 



(c). 



^^j cos/3,co8«, _ c''./(6^-A^)(i»-c^) 

Whence (225) may now be written 

/ (a'-6')(6'-c-) \|^,_ CQgg, /- J» 



sin*!), cos'<>) 
ein «/ »/ v'l-sin v, 



, coe"<f> 



(226). 



If now we turn to (44), in which elliptic integrals are com- 
pared, having the same amplitude, but positive and negative 
parameters respectively, we shall find it identical with the pre- 
ceding equation; which may now therefore be written 

r (a'-yxy- 0-|i ^,^t!^' sin P, Z*, , Jf . 

L Vi—sin^ii/cos''^ J 

If we take the complete function, the circular arc vanishes. 
We may therefore conclude that the length of the mean 
spiral, or of the spiral described by the pole of the mean axe b 
of the ellipsoid, between any two of its asymptotic positions, is 
equal to a quadrant of a spherical ellipse. The cone of which 
this spherical ellipse is the base, may with ease be determined. 
It must have the same focal lines as the invariable cone ; and 
its minor principal arc is the angle between the cyclic diameters 
of the ellipsoid ; for the cyclic diameter whose square is a» + c« - 4» 
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makes with the axis c an angle the square of whose tangent is 

or 2 ^, is the angle between the cyclic diameters of the ellipsoid. 

We have thus investigated the equations of the spirals de- 
scribed on a fixed concentric sphere by the three principal axes 
of a body, which we have named the greater, mean, and lesser, 
or the A, B, and C spirals. It is not a little remarkable that the 
rectification of the greater and lesser spirals must be eflfected by 
elliptic integrals of the third order and logarithmic form, while 
the rectification of the mean spiral depends on an elliptic inte- 
gral of the third order and circular form. It will moreover be 
evident, on referring to (210), that the elliptic integrals which 
express the lengths of the spirals described by the instantaneous 
axis of rotation and the mean principal axe of the body have 
the same amplitude, and are each of the circular form ; while 
the integrals which determine the spirals described by the 
greatest and the least principal axes of the body, also have the 
same amplitude, which is complementary to the former, and are 
of the logarithmic form. 

CXI. We may determine the maximum and minimum velo- 
cities with which the poles of the principal axes of the body 
describe their respective spirals on the fixed concentric sphere. 
Resuming the equation of the spirals traced by the principal axes, 

^^ (^)* = cV + *'-A*)-(aHi'-c^)«»; dliferentiating 

and putting the differential equal to cypher, we get — = 0. 

dt 

It was shown in (121) that ^^ - /("'-^'^y 

This is = 0, whenever the position of theaxis h renders x=0, 
or y = ; and as A is at its greatest or least distance from the axis 
c of the ellipsoid, whenever it lies in one of the principal planes, 
the velocity of the pole of c on the spiral is the greatest or 
the least, whenever the axis c is at its greatest or least distance 
from the axis A. 
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The same proof may be applied to deterniiae the extreme 
velocities of the poles of a and b. 

CXII. When the axis k' coincides absolutely with one of the 
principal axes, the equations which give the lengths of the 
spii-als change their form. Let k coincide with c, the least or 
the greatest of the principal axes of the body ; the spirals de- 
scribed by the principal axes are equivalent to circular arcs, 
li'k = c, (218), (222), and (224) become 

(T = 0, ^^^ a" = '^^^ . 



SECTION VII. 



CXIII. There are two particular cases of the general problem 
which require separate investigations. When the plane of the 
impressed couple is at right angles to, or coincides with, the 
plane of one of the circular sections of the ellipsoid of moments. 

We shall first take the case when the plane of the impressed 
couple is at right angles to the plane of one of the circular sec- 
tions of the ellipsoid, or A = 6. If we introduce this value of A 
into the equation of the invariable cone in (LXVII) we shall 
obtain the following equation : 

c'(a«-6'')z'+a«(c»-6»)z«=0 . . (228). 

This expression is the equation of the two plane circular 
sections of the ellipsoid, which intersect in the mean axe. If 
then, to fix our ideas, we conceive the plane of the impressed 
couple to be horizontal, one of the circular sections of the 
ellipsoid will be vertical during the motion. 

To determine in this case the locus of the instantaneous axis 
of rotation in the body. If we write b for k in the equation 
of the cone of rotation (134), we get, 

a»(a»-6«)x» + c'(c'-6')s'=0 . . (229). 

The equation of two plane sections of the ellipsoid passing 
through the mean axe, and perpendicular to the umbilical dia- 
meters of the ellipsoid. 
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We perceive therefore that the axis of the impressed couple, 
and the instantaneous axis of rotation, describe planes in the 
body during the motion. 

To find the greatest elongation of the axis of rotation from 
the axis k. This is nothing more than to find the angle which 
a perpendicular from the centre, on a tangent passing through 
the vertex of k or b, makes with it, in an ellipse where semiaxes 
are a and c. Now h being the conjugate diameter to h or b, 
and p the perpendicular on the tangent, 

A'+6'=:a* + c', and vh=ac. Let this angle be 3. 
Thentan'3 = ^!i:l'=( "'-^')(^'-^' )=/' . . (230). 

CXIV. To determine the time. 

In the general equation (153) let kz=.b, and we shall find, 

dt _ ahc^ . V 

Assume (a'-c*) z'=c' (a" -J») sin'* <p. . (231> 

In which ip is the angle between k and the mean axe of the 
ellipsoid, measured on a circular section of the surface. B7 
this transformation, equation (a) may be changed into 

dt ac^ /IN /oqnN 

5f ~ xv'(^2^rj2) (i2_c2) Vsin f/ ••(.)• 

It was shown in (230) that tan •&, the maximum value of 

tang = ^(ZE ^^) (f -'^' )=/. Let .-xZ; the preceding 

equation, when integrated, wiU become, putting C for the con- 
stant, 

»7=log. tan|-+ C . . . (233). 

To determine the value of this constant. Let I be the initial 
distance of the pole of A from the axis *, at the beginning of 

the motion: then 0= log. tan — + C. Subtracting we shall have 



if = log. ■ 



135 
tan 



2 



tan — 
2 J 



(c> 



Let tan -- = m, and the last equation may be written 



tan ^ = 



2 

^zsTwe", orasi = x/, tan ^- =me"". . (234). 



e being the base of the Neperian logarithms. 

When 8 is absolutely equ.il to 0, m also is equal to 0, and (p 
is 0, however large the value we may assign to the time t. But 
when 8 is only very small, m will be a very small quantity, and 
therefore t must be very large before its magnitude can have 
any appreciable effect on the magnitude of ip. Hence the pole 
of k will diverge slowly from the mean axe b. When the initial 
distance 8 is supposed to be considerable, then m is no longer an 
indefinitely small quantity, and a small increase in t will pro- 
duce a considerable effect in the magnitude of (p. 

Again : let the axis of the impressed couple, by the motion of 
the semicircular section passing through- it, be approximated to 
indefinitely, by the prolongation of the principal axis b, within 
a very small angle 8'. 

Let T be the future time at which the prolongation of the 
axis b shall arrive within a certain small angle 8' of k. Then 

p =5r — 5'; and it = log. tan ( - — - j + C. As the initial dis- 
tance of b from k must be supposed as before to be 8, 
0= log. tan (IJ + C. Whence -it = log. | tan Qj (an ^-j I . 

Let m = tan f-j as before, then 

wtan|=e-'^ .... (235). 

In this equation T will be infinite on two suppositions, either 
m = or tan — - := 0. The former shows that T will be infinite 
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if h never departs from coincidence with the axis of the im- 
pressed couple. From the second we may infer that b never 
can, having once departed yrom coincidence with A, again coin- 
cide with it. 

We may therefore infer that the motion of A in the body will 
be as follows. When the coincidence of k with the mean axe is 
disturbed, and the disturbance takes place along one or other of 
the circular sections of the ellipsoid, the axis b at first diverges 
very slowly from k ; then with greater rapidity, until this ve- 
locity reaches a maximum state. The velocity then decreases, 
so that b, with a motion continually retarded, approaches inde- 
finitely near to, without ever absolutely reaching, the axis of the 
impressed couple. 

CXV. To find the value of 6 the angle between the axis of 
rotation and the axis of the plane of the impressed couple. 

In (120) writing b for h, and c^ {a'-b") sin^ip for (a'— c«)2% 
we obtain tan ^=Z sin f. Hence 6 varies from its inferior limit 

to •&, as a varies from 8 to -. 

2 

It was shown in (116) that the velocity of the pole of the 
plane of the impressed couple along the invariable conic was 
/tan 0. Writing v for this velocity, v = Ax/ sin f . (236). 

As tan p= / sm ip, a)= ii- , tan'' 6= — , » being the angular 

velocity, whence ai^ = ii' {I +P sin" ip], or to = x sec 0. (237). 

CXVI. To determine the angle ^^ which the line of the 
nodes makes with a fixed line in the plane of the impressed 
couple. 
Resuming the equation (168), putting b for k, and 

<P (a'—b^) sin^ip for z^ (a' — c), as in (231), we get, 

z' tan* 11 sin- ffl iit .,. . , - c^(a? h'\ 

M i= , . , , — ^- Wntmg tan' .j for ,\,„ " > , 

o'— z' 1 + tan' rj sm' ip a* (6'— c") 
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which represents the tangent of half the dihedral angle between 
the circular sections of the eUipsoid, or half the angle between 
the cjchc axes. We also have 

dt_ 1 . ^ 

rfp~^/sin^' ^^ in(232). Making these substitutions in the 

■ equation (168), 4'=-x.+ x (^)y^; we find 

v|/ = — X ^ + tan~' [tan ij cos ^ ] + constant. . . (238). 

To determine this constant. 

At the beginning of the motion let the axis of the plane of 
the impressed couple very nearly coincide with the mean axis of 
the ellipsoid. Then p is very small, and cos f very nearly 
equal to 1 : we thus get 0=tan-' (tan n) + C, or C= -.j. 

hence\lf=— x^+tan-'(tan>i cosf)— Tj . . . (239). 

The limits of (f> are and it, between which limits the pole of 
the impressed couple lies during the motion. Now when (f = 0, 
cosip=l, and tan"' (tan >i cos ^)=i). When (p = 5r, 0039= — 1, 
and tan-' {tarn X -l}=—ij. Whence— \I' = x t + 2.i (240). 

Writing t for the period in which the semicircle is described 
by*. 

Thus we perceive that the infinite angle vj/ is made up of two 
parts, one of which increases as the time, while the other con- 
tinually approximates to a fixed limit 2 >). 2 ij being the angle 
between the cyclic axes of the surface. 

The geometrical interpretation of this formula it is not difficult 
to discover. In (LXXXVII.) it was shown that the angle \J» 
was made up of two parts, one of which x t increases as the time, 
while the other may be represented by an arc of the spherical 
ellipse, generated by the cone supplemental to the invariable cone. 
As the circular sections of this latter coincide in direction with the 
circular sections of the ellipsoid, the cyclic axes of this latter 
surface will coincide with the focals of the supplemental cone. 
Hence, aa before mentioned, the whole motion of the body may 
be represented by conceiving this supplemental cone to roll 
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without sliding on the plane of the impressed couple, while this 
plane revolves uniformly round its axis. But when the plane, 
as in this case, passes through one of the cyclic axes of the 
ellipsoid, this supplemental cone degenerates into a plane sector 
of a circle, the angle between whose bounding diameters is 2 ij. 
Now when the plane of the impressed couple is slightly dis- 
turbed from coincidence with the plane of this circular sector, 
(for when k coincides with b, the plane of the impressed couple 
coincides with the principal plane a c, which contains the cyclic 
axes), it will revolve round a right line — one of the cyclic axes 
bounding the circular sector, — instead of rolling upon a conical 
siurface ; and this right line — the cyclic axe of the ellipsoid, or 
the focal of the rolling cone — becomes, in the ultimate state of 
this cone, the edge of the circular sector. The plane of a c, being 
disturbed from a state of coincidence with the plane of the im- 
pressed couple, will revolve round one of the cyclic axes until 
it approximates indefinitely on its other side to this plane. 

Now if, instead of the cone, we imagine the sector of the 
circle to revolve upon the plane, the line of contact with the 
plane will no longer advance continuously upon this plane, but 
per saltum, starting forward through an angle 2 >) at each half 
revolution. So that if we imagine a number of semi-revolutions 
to occur, the line of contact of this sector with the plane would 
advance through the angles 2 ij, 4 ij, &c. From the nature of 
this motion, however, we 'can have but half a revolution, and 
even that only as a limit. It follows, therefore, that when half 
the semicircle is completed, or when the axis of the plane of 
the impressed couple comes into the plane of a c, that an angle 
I) must at once be added to the angle \t>, or that the line of the 
nodes starts forward through the angle rj. 

CXVII. We shall now investigate the nature of the spiral, 
described by the pole of the instantaneous axis of rotation, in 
the case when k = b. 

The spherical polar coordinates of this spiral are and x- 

They are connected as follows : 

/dt 
—, as shown in (182) : put b for k in 
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the equation (192*) which determinee u, and we shall have u= ft, 
hence 

X = '''- .... (241). 
This equation shows that the motion of the radius vector arc 
is unifonn, being proportional to the time. 

It was shown in (234) that tan ^zz me"": writing x for x I, 



we get tan |=7ne'S 



and tan 6= / sin ^ 



(242). 



These are the equations of the spiral. We must eliminate 
f from those equations. 

2tan|- 

Ab sin e = 2 sin -I cos f =2 tan-icos'-i= . 

2 2 2 2 ,^^^^,^ 



21 



w (243). 



.. a 2 m IG , a 
we get tan »= ^r—srf or tan 6= , ,— -, ^^-^ 

A relation between the variables Q and ;^, consequently the 
equation of the spiraL 



CXVIII. The rumb line may be defined as the curve on the 
surface of a sphere which cuts all the meridians in a given 
angle. Let this constant angle be the complement of •&, then 
its cotangent is Z, ^ and x being the polar spherical coordinates of 

the curve; therefore Z8inip=-j-^ . . . (244). 



dx 
This is the equation of the rumb line. 

Taking the integral of this equation, log. tan j = /x + C. 
Let the value of ? be 8, when x = 0- Then log. tan — = C, 



/X=log 



and tan — =?», hence 
2 



tan?- 



, 8 
fan- 



or tan — = jnG' 
2 



. (245). 



HO 



This is the usual equation of the rumb line, and is identical 
with (234). Hence the polar spiral is a sort of curtated rumb 
line. If a rumb line be described on the surface of the sphere, its 

ordinate angle being (^ — ■^ )> and if we shorten its spherical 

radii vectores ^ in the constant ratio given by the equation 
tan 6 = tan S sin f, the extremity of 6 will describe the polar 
spiral. 

Another construction exhibiting the relation between those 
spirals may be given. 

Let a concentric sphere be described, whose radius tan S = /. 
On this sphere let a rumb line be constructetl, having its. pole 
in the axis of z. Let this rumb line be orthogonally projected 
on the tangent plane to the sphere, whose radius is 1, parallel 
to the plane of xy. Now if this plane curve be considered as 
the gnomonic projection («. e. the eye being supposed at the 
centre) of a spherical curve, 
described on the surface of 
the outer sphere, this latter 
curve will be the polar 
spiral. 

This we may thus show. 
In this construction we al- 
ways have, tan ^= tan S simp. 

Now CB = Qn, CB = tan^, 
and Qw = tan 5 sin f. Q and v> are therefore the coiTesponding 
points of the rumb line and of the i)olar spiral, whose vector 
arcs are CD = 5, AQ = ip. 

It is evident that the polar spiral has an asymptotic circle, 
whose radius is sin ■&. In the vicinity of the pole, the polai: 
spiral approximates indefinitely to the rumb line. 

CXIX. To find the length of this spiral from the pole to 
the asymptotic circle. 

(^7)"=(|)'--''a-f)'=©'--<®'©' 

. /J 7 • , dd /cos « dy dt 1 

rfe l+/'sm'a dt d(t x/Bin«) 



c 


B 


/^^ 


^/ 


^ 


/ A 




/ 


^\ 


/ /^ fl 




/\ 


2 \ 


/ 
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and sin'^=- — ,„ . "„ — Introducing these relations, 
1 + /" sin' (f ° 



dr \/l4-/' 

we get — - = . ; dividing by cos' a, and integrating, 

dp 1 + J Bin* f ^ ^ • o o 

we get 0-= tan~'(v'm»"tan^) . . . (246). 

"WTien(p=0, <r=0, and when ip=^,(r=-. 

We thus find that the length of the polar spiral between the 
pole and the asymptotic circle is equal to a quadrant of a great 
circle of a sphere, — a result in strict accordance with the more 
general theorem established in (CII). 

When -v/y+Ta tan f =1, or tan 9 = cos S, (r= tan-'(l) or <r =-, 

4 

CXX. To determine the velocity of the pole along the 
spiral. 

Kdi) ~ KTp) KdtJ - (l + /»sin»f)' ' 

{I + Z'sin^f}" sec<^ v ; . . 

xvr+75 „ 1 X sin 20 

or V = ^^-- sm 26, or v = — — . 

2 2 cos S 

CXXI, It was shown in (CXII.) that when k coincides with 
the greatest or the least principal axes of the body, the spirals 
described by the two other axes are equivalent to circular arcs. 
But when k coincides with b, the mean axe, the lengths of the 
spirals described by the greatest and the least principal axes 
are given by logarithms. Omitting the investigations, which, 
though somewhat complicated, the reader, assuming the prin- 
ciples established in the foregoing pages, may supply ; tlie final 
result will be found to be 

,V =_;log. tan ^ + log. (1 +j 6ec ^^). i audj being constants. 
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SECTION VIII. 

CXXII. When the plane of the impressed moment coincides 
with the plane of one of the circular sections of the ellipsoid of 
moments, the elliptic integrals which determine the motion may 
be reduced from the third order to ihejirst 

In this case 2k is the cyclic diameter of the ellipsoid, or the di- 
ameter perpendicular to the plane of one of its circular sections. 

Accordingly __= ^_ — __ + __. Substitute this value of h 
K' a^ 6" <r 

in (169), (170), and (171). Reducing, we shall have \|/ + x *= 



V~6») 



/[-i(S^)--']y-i(S5)'"- 



dip 

= (247 



This integral, as the parameter is equal to the modulus, may 
be reduced to the first order as follows : 

Let y as in (XXIII.) be the parametral angle of the spher- 
ical parabola. Assume ~s|°y — " C° ~ — ), Whence 

1 + smy a»(6»— c") 

8iQ y = V~^V~fe~«J cos' y = 4 (c~6J(&'~^) (248). 
c' a" \«P a) 

The preceding equation may now be written 



l + aay^ L Vl + smy/ J V Vl + siny/ 



sin«^(249). 



If we compare this equation with (59), we shall find that 
the second member is equivalent to the following elliptic integral 
of the first order. 



143 



P diL -if sin y tan u, 1 ,„' . 

,/ VI — cob" y sin' ]«, I v i — cos' y sin" fi J , 

The amplitudes <p and /«• being connected by Lagrange's 
formula, tan (9 — ft) = sin y tan^, as in (60), or as it may in 
this case be written 

tan(p= If ^-Jl ,„^,. 

Should we require to reduce the integrals of the third and 
first order to the same amplitude, equation (63) will enable us 
with ease to do so, by assuming the theorem established in that 
equation, 

\1 + Sin7/ 



, . sin 7 /^ rf * 1,-1 

+ + «< = - r^- / , - + - tan 



%J V I + sir 



l+Biny I ^/, /1 -Bin7 \'_._;^ 2 
-sin' 



2)%in'4- 



v/l-/i=^VBin'* 
\1 + Bm7/ 



(252). 



Hence ^/ depends on an integral of the first order ; the theo- 
rem it was proposed to establish. 

CXXIII. Again, if we substitute the foregoing value of A in 
(155) which connects the time with the amplitude ip, on which 
immediately depends the position of the axis A in the body at 
the end of the given time, we shall have 

a„d » ^''°y= (3~y)"(i'~g) 

1 + siny /I \\ 

[ b~y)~(y"avJ Bin y C ^^ 



144 

But this elliptic integral, as shown in (XXXI.), is the ex- 
pression for an arc of a spherical parabola, whose parametral 
-angle is y, the centre being the pole. In this case the two 
elliptic functions which determine the motion are represented 
by arcs of the same spherical parabola. 

We may eliminate the latter integral by the equation esta- 
blished in (XXXI.), and the last equation will now become 






The moduli are two successive terms of Lagrange's modular 
scale. 



SECTION IX. 



CXXIV. In the foregoing investigations we found the lengths 
of the spirals, described by the greatest and least principal axes of 
the body, to be represented by elliptic integrals of the third order 
and logarithmic form. The normal geometrical representative 
of this integral will be found to be neither plane nor spherical, 
but parabolic. Indeed, this might have been anticipated ; 
because the residual quantity, which in the second ordei' is a 
right line, and in the third order and circular form an arc of a 
circle, in the form before us becomes a logarithm. Now, no 
plane curve on the surface of a sphere can be other than a 
circle.. It was therefore a natural inquiry to seek for the re- 
quired curve on a surface of revolution whose plane section 
should be expressed by a logarithm. Such is the common para- 
bola. Accordingly we shall find, if we substitute for the sphere 
a paraboloid of revolution, and for the elliptic cone, which has 
its vertex at the centre of the sphere, an elliptic cylinder, that 
the curve of intersection of those surfaces may be rectified by 
an elliptic integral of the third order and logarithmic form. 
Let the axes of the paraboloid of revolution and of the 



145 

elliptic cylinder coincide with the axis of z, the vertex of the 
paraboloid touching the plane of xy at. the origin. Let k be the 
semi-parameter of the paraboloid, a and h the semi-axes of the 
ellipse in which the plane of xy intersects the cylinder. Then 
the equations of those surfaces, and consequently of the curve 
in which they intersect, are 

x» +y» =2Az, and J + ^ = 1 . . . (254) 

Let d2 be an element of the curve. We have by the elementary 
formula. 



?=A/(sr-(i)^(i)'. 



dd 



*j yj ^ being dependent functions of a fourth independent 
variable 6. Assume 

x= a cos 5, y = h sin 6, then «' cos'5 + J*8in'^ = 2Az . (255) 

differentiating and substituting 

(S)' ^ "' ®'°* ^ + 6' cos» + ^'''~/'^' sin'^ cos^ ^ . . (256) 

To reduce this expression to a form suited for integration, it 
may be written 

A» (§) = *''AV(a''-*'0[A' + a^-A'] 8in*^-(a''-J^)^sin«^ . (257) 

LetP = 6'A^ Q = (a«-J»)[A« + a»-i'], R = -(a'-J«)« . (258) 

and the preceding equation will become, indicating the process 
of integration, 

rrfg[P + Q8in^g+Rsin^g] 
^ A/P + Qsin'^ + Rsin*^ •••V ) 

Let this trinomial be put as the product of two quadratic factors, 

(A + B8in'*5)(c-BBin«5), or AC + B(c-A)sin''5-B''8in^^. (260) 

Comparing this expression with the preceding in (257), 

AC = i» AS c - A = A' + o' - h\ B =a*-i'. . . . (261) 
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To integrate this expression. Assume 

tan«^ = :^-tl tan«^ . . . (262) 

The limits of integration of the complete functions will con- 
tinue as before. Making the substitutions indicated by the 
preceding transformation, the integral will now become 

Let -^ = w, - {^^^ = c\ therefore -=-i±^ . . (264) 

A+B C VA + B/ n C ^ ' 

It will presently be shown that A + c is always greater than c ; 
whence c^>n. 

As c* = ^ , and as B will be shown to be always less than 

1 "•" B 

c, c* must always be less than 1. Therefore, as c* is less than 1 
and greater than n the parameter with a negative sign; the 
elliptic integral, to which the above hyperlogarithmic expression 
may be reduced, must be of the third order and logarithmic form. 

CXXV. To reduce the hyperlogarithmic integral (263) to 
the usual form of an elliptic integral. 

Assume $= sin ^ cos f(l—c'^sin^^)' (1—Msin^ If)" . .(265) 

Differentiate this expression with respect to f , and we shall hare 

<^<^_ I-2(l+c')8in'<). + 3c-siii'<(> 2n (6in'»-sin«<>l) (l-c'Bin'» ) .^^^, 
dip [l-nBm'<f>]^/l_c2siIl"^ [ 1 -n sin- *]'-/i -jJ sin* f> 

Let (1 -n sin^ ?>) = N, l—c"^ sin'^ (f = A^ = m. 

Separating the numerators of the preceding expression into their 
component parts, and attaching their respective denominators 
to each, we shall have 

1 _ J_ 

NA ~ NA • • • • (*) 
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-2(l+c*)8m»^ ^ 2(l+c») (l-wBin'f-l) _ 

NA „ ^'A ~ 

Ml+g') _ 2(l+c«) 

wA nNA • • • W- 

lf!j™lg 3£' (1— nBip''ip-l)sm*(p 3c^ sm'y 3c»sin«^ 

^^ n NA ~ "^ ""a""^ nNA ' 

and - ?f* ^'^''P _ 3 (l-c'sln^ (p-1) _ 3A _ 3 ^ 
» A n A "" "«~ nA' 

but ?f!.8E!l = _3^ (l-nslnV-l) _ _ 3£»^ 3c» 

nNA n» NA "" n*A "^ n* NA ' 

whence, ?^J^ = ^A _ 3 _ Sc^ _3c«_ 

NA n nA r' A ^ n'' NA " ' * ^ ''" 

Combining the expressions in (a), (b), and (c), 

{1-2 (1 +c'^)8in*^+ Sc'^sin*^} (1 -n em^f)-' (l-e'^ Bin*?)-4 = 

rr>L jx 2n(sin'(B — 8in*«W . ,^„^, 

ihe second term — ^^ —r- ^-^— in (266), may be thus 

reduced. 

2nsr sin' ip _ 

N«A ~ 

2nsr f l— 2>tsin''^ + «'sin«^— 2 + 2w8in''y+l 1 _ 
¥~ I N^A J ~ 

2nv 4 n sr 2n cr 

~ ";?A "*" ^^KA ~ n» N" A • 

2n«r 2 A , 4n«r 4 (1— c'sin' (?) 

Now — a . = J and ,„ = =rr-r = 

n*A » 71* ^A nJiJA 

4 4£^ (l-wsin'^— 1) _ 4 c^ _ i(c*—n) 

iTNA "^ ^ NA ~ n«A n^'NA ' 

X. 2 
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Combining those results 

2ncr8in^ip _ -2 A , 4c'' 14,, .1 2cr . . 



In like manner, 

2nwsm'ip_ 2nvT f 1 — nsin'^ — 1 1 2w 2i3- 

Wa ~ ^1 Wa J~ Wa^Wa' 

but 



2ct_ 2(l- c'' sm'(p) _ 2 20" (1-wsin'ip-l) 

NA~ NA ~ NA w NA ^ ' 

and this latter = -1 tTt-t ; whence 

nA nNA 



~ ~ TTA ^V-~n)NA'^WA • • • (^• 



2 71 cT sin' ^ 

Wa 

Adding (e) and (f ) together, 

2 n or (sin' ^ — sin^ <p) _ 



2A^ r4c' 2c'll f2c' 4 4c'l 1 .,1 .N «r . . 

Adding (d) and (g) together, we get finally, 

'9f4+K^0^ K-)-(S-s)] i^-K^-On^ • » 

Transposing, dividing, substituting, writing n for , and c' 

for ; — ( , integrating the above expression, and introducing 
the relations found in (263), 



2 



Vc(a + b) r (l-(r'Bin''^)<fy 

A 5' J ri-nsin'a? Vl_c' 



[1-nsin' f]' VI -c' sin' 9' 
we obtain the final result, 
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S**^C(A+B). 2= - BC4> + A(C-A-B) /^- . „ . ^, „ . , 

+ A(A + B) fL^lg= +C(A + B) Aa^i_c,sm»f (267> 

CXXVI. We shall now develop the remarkable relations 
which exist between the constants of this equation and the con- 
stants k, a, b, of the given surfaces. The modulus, parameter, 
coefficients, and criterion of circularity, may be represented as 
linear products of constants, having simple relations with those 
of the given surfaces. 

Besuming the equations given in (261), 

AC = *« k\ C- A = A« + a'-i", B = a^—l?. 
We find (a + c)^ = {k'' + a' - J')' + 4 J^ k\ 

Assume Ap" = 1i? + {a +b)\ and 4^" = A^ + (a-i)n268); 

we then shall have the following relations, 
A+C = 4^y, B=(a + J)(a— J), 

A + B=(a+i»-?X« + 9-l')» C-B=0 + g + a)(;> + 9— a), 
M. = {h-¥p-qXb + q-p), A» + a«+6» = 2 (p' + ?'), 

C = (j> + q+f>){p + q-b), ab = (p + q){p-q). 

4 (a + b) {a — b)pq 



(269). 



" ~ {jp + q + b){p + q-b){a-Vp—q){a-^q-p) 

{a + b) (a-b) 
" {a+p-q)(a + q-p) 

and if we denote by x the criterion of circularity. 



(270) 
(271); 



_ -^* i'P±q±^X f p+q-^ y . (272) 

"' a'(j> + qy\p + q + bJ \p + q-bJ' 
a quantity essentially negative. 

As AC = P k\ and (a + b) (c- b) = a^ k\ 

a»6' A* = ac(a + b)(c-b). 



L 3 



(273); 
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Substituting, we shall obtain the value of A* as a product of 
twelve symmetrical linear factors, as follows : 

k* = {a+p + q){<i+p—q){a + q~p){p + q-a)(j>+q)~^a~^ 

X {b + p + q){b+p-q){b + q-p){p + q-b){p-q)~^ &~- 

an expression of remarkable symmetry for the semi-parameter of 
the paraboloid. 

As a numerical example, let a =12, h = 1, p = \0, y = 4. 
We shall find k= ^397 

To express a and b, the semi-axes of the base of the elliptic 
cylinder, as functions of the modulus and parameter of the loga- 
rithmic integral and k, the semi-parameter of the paraboloid, 
that is, as functions of k, n and c. We shall have, eliminating 
A, B, c from the equations. 



^b(a+c)^ c-A=A» + a^-ft^ B = «^ 



a-1-b' c(a-I-b)' 

In order that the values of « tmd b may be real, we must 
have n positive, c^ > n, and 1 > c\ Hence, as the type of the 
logarithmic form of the elliptic integral of tbe third order is 

/ 7: „ . „ -, — ,, /-o , ...x • o > (^ +j^) being less than 1, 

we may therefore name the curve ia which a paraboloid of 
revolution is intersected by an elliptic cylinder, whose axis coin- 
cides with that of the paraboloid, as the loffarithmic ellipte. 

It is obvious that we cannot, as in the circular form, reduce 
the order of the integral from the third to the first, by making, 
as in (46) c=n; for this would render the values of a and b 
imaginary. We cannot, therefore, by assuming , a particular 
value for the parameter, reduce the logarithmic form of the 
third order to an elliptic integral of the first order. 

CXXVII. In the preceding investigations the element of the 
curve has been taken as a side of a limiting rectilinear polygon 
inscribed within it. We may, however, effect the rectification of 
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tJie curve, etartlng from other elementary prindplea. For this 
purpose, we maj conceive the element of the logarithmic ellipse 
as identical with the coinciding element of a plane ellipse whose 
axes vary from point to point along the logarithmic ellipse. If 
we then equate together the two different expressions thus 
found for the same arc, we shall obtain the equations given by 
Legendre for the comparison of integrals of the logarithmic 
form, in the same way as two different expressions for the same 
arc of a spherical ellipse gave us the forms of comparison for 
elliptic integrals of the third order and circular form. 

As it is not possible that a sphere, a paraboloid of revolution, 
and an elliptic cylinder should intersect mutually in a common 
curve, the reader will not fail to observe the geometrical reason 
why the most eminent analysts have failed in the attempt to 
reduce the two forms, which are classed under the same order, 
one to the other. In fact, they are plainly irreducible. 

Let M be a point on the logarithmic ellipse. Through M let 
a plane be drawn perpen- 
dicular to the axis of the 
cylinder, or to the axis 
of z. It will cut the 
cylinder in a plane ellipse, 
whose semi-axes are a 
and b ', this is evident. 
Through M draw the tan- 
gent MT to the plane 
ellipse and the normal 
MN. Through the point 
M let mt' be drawn a tangent to the logarithmic ellipse, and 
through the straight lines MN, mt' let a plane be drawn; 
it will intersect the cylinder In a plane ellipse, whose plane 
will cut the plane of the former in the common normal 
MN, and is inclined to it at the angle TMT' = fi. Now this 
variable plane ellipse, and the logarithmic ellipse on the 
surface of the paraboloid, may be taken as mutually osculating 
curves. The plane ellipse, which varies from point to point 
along the logarithmic ellipse, has the same analogy to it as the 
circle of curvature has to a plane curve. To apply this reasoning. 
Through the axb of the cylinder let a plane be drawn parallel 

L 4 




152 

to the tangent plane tmt', and cutting the normal in the point 
T, the plane of the constant ellipse in the line yd, and the plane 
of the variable ellipse in the line td'. As m v is perpendicular to 
this diametral plane of the cylinder passing through the axis, it is 
perpendicular to VD and to td'; therefore the angle dvd' = fi.. 

As all the plane sections of this elliptic cylinder will have 
their centres on its axis o Q, the points o and Q, in which the 
planes of the constant and variable ellipses intersect it, are the 
centres of those sections ; and if we join tlie point M with o 
and Q respectively, the lines o D and Q d' will be the conjugate 
diameters of those lines. From o let the perpendicular o T be 
drawn = p, and from Q the perpendicular Q t'=p'. Let OD=r, 
then Q D'rrr sec ft. 

Now the area of the constant ellipse, being the product of 
the perpendicular from the centre on the tangent, and the con- 
jugate diameter to this tangent, is =rp»; and the area of the 
variable ellipse =r'p'w = rp'w sec ju.. But the area of the con- 
stant ellipse is the projection of the area of the variable ellipse. 
Therefore PrT= {p'ri sec /a} cos ft, 

orp'=p .... (275). 

In (30) and (31) we found for the element of an arc of a 
plane curve the expression, 

—^=p+ — ^ ; and as p^ = p'=a' cos* x + J' sin* X, 
aK a >.' 

tPp'^ _ (a^-P){a^ cos* h-b* sin^ x} ^^g. . 

^^^ (a''cos''x + 6»sin«A)^ 

or, i^=(a' .^,2 . + ;..,;„. >)i_(fl'-^'X«' cos* X- 1' sin« A) ,^^^. 
«^ (a'co8»X+J''8in»X)? 

Before we proceed to integrate this expression, we must 
observe that d X being the element of the angle between two 
consecutive normals in the plane ellipse, it is the projection of 
the element of the angle between two consecutive normals in 
the variable ellipse ; this element must therefore he d\ sec ft. 
We are now in a position to apply the formula for plane recti- 
fication given in (30). We have accordingly 
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J L eo» M J •/cosM(a''co8'A + 6»8ui"x)i . 

We have now to express cos /* in terms of X. 

Eliminating ^ between the equations tan x = ^ ^, 

and ^=_ tan 0, we shall have tan x=- tan 5 . . (278*). 
X a 

Eliminating tan 6 by this equation, we obtain 

, A''(a''co8''A + &''8in«A) , . 

^°^ '* a'^ A" + (a» - 6") (a« - i» - A») sin" A - {a» - b^y am* x^ ^ 

We may, as in (258), write P', Q', R' for the coefficients of 
sin X in this equation, and the resulting expression will become 

k X = /<< A Vp/ + Q/ sin' A + R' 8iii« A- (a' - y) / r =^-^ , ., . ... (280). 

^ i/ Aco8/i(o cos A + 6^smA)i ' 

As the first of those integrals is precisely similar in form to 
the one obtained in (259), we may in the same manner reduce it 
into factors, writing a, ^, y instead of A, B, c. Accordingly let 

P'+ Q' sin* X+E'sin* X=(<x + /3 sin' x) (y-/3 sin* x), (281) 

following the inyestigation in (CXXV.), step by step, we shall 
have, as in (262) and (264), ^, m, c', being the amplitude, par- 
ameter, and modulus, 

A8«y=a»A», ^ = a^-b*, and y-« = a'-J'-A», 

we shall have the following relations between the constants in 
(260) and (281), «, /3, y, m, c", ^, and A, B, C, », c", f. 



154 



/3 = B, « = C-B, y=:A + B, 

« + y=:A + C, y— /3=A, « + j3 = C. 

y— a— ^ + C— A— B = 0. 

^^<3(« + y)^B(A + c)^^, therefore C=c». 
y(« + ^) (A + B)C 

*n =! L_ ;:= 



« + ^ c 



(283). 



The moduli c and c' are therefore the same in the two func- 
tions, and the parameters m and n are connected bj the equa- 
tion 

OT + « — »iB = c'. 

The amplitudes f and \I/ are equal. 
In (262) we assumed tan" f = ^^^ 



iax?0; and in (282), 



tan» xl/=fi±i tan" x, but tan" X = ?ltan" 6, as in (278»). 

Whence tan"^^=^ (""^^ f tan" fl. 

A" (a + b) a ^ 

In (283) it was shown that a+/3=o, a=c— B, whence 



tan" 4' = 



A c tan" (f 



b' (A+B)(c-By 

Now AC=J" A", and (a+b) (c-B)=a" A«; 

We hence deduce tan" 1^= tan" ^, ot ^=f. . (284). 

CXXVIIL We shall now proceed to find the value of the 
second integral in (280). 

From (289) we deduce tan" ^ = .^7^^! "°'^ ?^''\ . (285). 

A"(a" cos* X+6» sm" X) ' 
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Differentiating this expreaaion, reducing, dividmg by cos fi, 
and integrating, we get the following equation, 

^^0^.= <°' - ^') r '" ^1 r\'~'' "°^ "\ (2«n 

(290) may now be written 
^'^^JdWWTW^^^+W^^^-K' f-^- . (286), 

/ COS jtL 

If we measure the arc of the logarithmic ellipse from the 
minor principal arc, or from the parabolic arc which is projected 
into ft, instead of placing the origin at the vertex of the major 
axe as in (255); we must in this case put x=a sin Si,y=b cos *, 
and following the steps there indicated, we shall at length 
obtain 

h^=J d^ W Jt-qi s\n^ ^j^Si' s\n* S). . . (287). 

If we now make 3 = A, and subtract the two latter equations 
one from the other, the itesulting equation will become 

S-S=a/"-^ (288> 

J COS^ ft ^ ^ 

But this integr^ is, we know, the expression for an aoK of a 
parabola whose semi-parameter is k, measured from its vertex 
to a point on the curve where its tangent makes the angle ft. 
with the ordinate. 

Thus the difference between two elliptic arcs measured from 
the vertices of the curve, which in the plane ellipse may, as we 
know, be expressed by a right line, and in the spherical ellipse 
by an arc of a circle*, as we have elsewhere shown, will be repre- 
sented in the logarithmic ellipse by an arc of a parabola. As a 
parabolic arc may be rectified by a logarithm, we hence see the 
propriety of the term logarithmic as applied to this function. 



CXXIiK. Ijet us resume the equation (286), 

VjU. 
cos' jlA 



k-S= pK VF'+ Q' sin^ X+R' sin* ^-^^ 



* Philecophieil Maguine, July 1844. 
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We shall now proceed to develop the first integral of the 
second side of this equation. As the first member of this inte- 
gral is precisely the same in form as (259), and the amplitude 
^^=lp, we may substitute a, /3, y for A, B, C, m for n, *' for 4>, 
retaining the modulus which continues unchanged, and write 

2 * V7(^TJ)5 = - ^ y 4.' + « (7 - . - ^)/^ir;;-SWf^1?1^ 
+ »(»■<• P)y^ ^_^^ ■ , +7'(a + e)yrf.^Vl-c^sm^*.-2A''/y(o+/3)y^^ (290). 

Or, if we assume the relations given in (283) between «, ^, y 
and A, B, c, we may express the former in terms of the latter, 
and write the preceding equation in the form 

2*^^C(ATB]a=-B(A + B)^'-(C-A-BXC-B/ [^_„^.„,^j^^^^- 

If we compare together (267) and (291), which are expres- 
sions for the same arc of the logarithmic ellipse, and make the 
obvious reductions, introducing m and n, the parameters through 

their values, n= , m = -, and putting for & and &' their 

A + B C i: o -r tr 



. 8in(pcosip-/l— c''Bin''(p ^^ sin ?i cos ? Vl— c^sin^ p 
(1— nsin^f) (1— wisin'f) ' 

we shall get the resulting equation of comparison, 

/l-n\ f dip ^ / l-m \ fl dip 



sin'^ 



From (285) we may deduce sin fi = \/^^ — mip cosip^ ^ 

'v^ 1 — c* sin'* ^ 
we shall therefore have 



1 sin /i _ sm ip cos f v" 1 — c'* sin p 



Vot n cos^ ft (1 — n sin' f ) (1 — m sin' 



sin j 
cos' 
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It waa shown in (XXIV.), that -^^5Ji represents the portion 

cos'' f*. "^ 

of a tangent to a parabola intercepted between the point of con- 
tact and the perpendicular from the focus. We have therefore, 

!l^=2/:^-/'ii^. . . (293) 
ios" ft J cos^ jtt J cos /u. 

Substituting this value of — ^ in the preceding equation, 

COS JUt 

we get, using the ordinary notation of elliptic functions, 

(L=_«)nc(«,f)+ flr:^)nc (;„, p) = f^Fe (^) - -1= f-^^ ; 

\ n y ^ '^ \ m y ^ ' mil ^ ' VmnJ cos/* 
which is precisely the formula established by Legendre, Traite 
des Fonctions Elliptiques, torn. i. p. 68. 

CXXX. We may express a and b the semi-axes of the 
elliptic base of the cylinder in terms of m and n, the parameters 
of the two elliptic functions in the preceding equation. From 
the equation of condition e^^m + n—mn, and (274), eliminating 
c' we get, 

a*_nm(l — m) i'_»nn(l — n) „„.. 

P- {n-mf ' k^~ {n-mf ' ' ^'^^^^' 

We may perceive that n and m cannot be equal in the loga- 
rithmic integral, as they may in the circular integraL 

If we put x' for the criterion of circularity derived from the 
parameter m instead of n, as in (272), and multiply the two 
together, we shall get for xx' a perfect fourth power. 

\aJ \p + q+bi Ip + q-bj 

If we define the trigonometrical tangent of an arc of a conic 
section as the inverse ratio of the semi-parameter to the portion 
of the linear tangent between the vertex and the diameter pass- 
ing through the extremity of the arc, we may exhibit the polar 
equation of the logarithmic ellipse in a form analogous to (2). 
If we denote this new species of tangent by the symbol t«». to 
distinguish it from the circular tan., we shall have in the para- 
bola, rav. "'—y 

Let « and ^ be the greatest and least principal parabolic arcs 
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of the logarithmic ellipse, — that ia, the area drawn from-the vertex 
of the paraboloid to the verticea of the curve, and p the parabolic 
arc drawn to any point on the curve, making the angle \|/ witb 
a. We may show that 

_l_^co8Ml^JBinM' (296). 

Tav.* p Tav.* a rav,* /3 

CXXXI. "We may also show that a plane ellipse, a spherical 
parabola, a spherical ellipse, and a logarithmic ellipse, may all 
four be described on the same elliptic cylinder. These curves 
are the intersections of the cylinder by a plane, two spheres, 
and a paraboloid : one of the sjdieres and the paraboloid may be 
of arbitrary magnitude. The radius K of the sphere which gives 
the spherical parabola is constant. 

This may be shown as follows : 

In order that a section of a sphere by a cylinder may be a 
spherical parabola, a certain relaticm must exist between its 
principal arcs' « and /3. Let y be the parametral angle of the 
spherical parabola, and B the radius of the required sphere. 

We may derive from (56) the following values. 

., l + sinyo* . ~a 28in'y J* /on>»\ 

sm'' a. = — !— — -=—i, sm'' p = :— i- = — -. (297). 

2 R« l+siny &^ ^ ' 

Hence sin y = ——p. or Vsin y is the ratio of the area of the 

projection of the spherical parabola to the area of a great circle 
of the sphere. 

Eliminating sin y from (307), E=a'*^l + c; 2a being the 
major axe, and e the eccentricity of the base of the elliptic 
cylinder. 

Hence all elliptic integrals will have common properties, 
especially such as are projective. Fot example, they will all 

four be complete between the same limits and - ; the snbsli- 

tutions in one form will often serve for all ; the curves will have 
points analogous to centres and foci, &c. 

CXXXII. The preceding investigations lead us to consider 
a new classification of elliptic integrals, which, in a geometrical 
point of view, would seem to be more natural than the one at pre- 
sent in use. As the first order is merely a particular case of the 
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circular form of the third ; its geometrical type— the spherical 
parabola — being a particular species of spherical conic, while 
the two forms which are classed under the third order, are irre- 
ducible, one to the other, representing, as they do, curves of 
different species, it would seem a more appropriate division, to 
found their classification on their geometrical types, the plane, 
the logarithmic, and the spherical ellipses, which those integrals 
represent. Thus, that which is now the second, would stand 
the first ; the logarithmic form of the third order would hold 
the second place ; while the circular form of the third order, of 
which the present first order is a particular case, would occupy 
the third rank. However, as the present division has been 
sanctioned by time, and by the great names of the founders of 
this department of mathematical science, Legendre, Jacobi, 
Abel, and others, it would be presumptuous to propose to 
change it. Besides, in a point of view purely analytical, — the 
view of the inventors, — the present division of these integrals 
may be held to be the most appropriate ; for example, it natu- 
rally presents itself in the computation of tables of the nume- 
rical values of those integrals. 

If a right cylinder, standing on a plane hyperbola as a base, 
be substituted for the elliptic cylinder, the curve of intersection 
with the paraboloid may be named the logarithmic hyperbola. 
It will have four infinite branches, whose asymptotes will be the 
infinite arcs of two equal plane parabolas. This curve, and not 
the spherical ellipse, is the true analogue of the common hyper- 
bola. We may, for example^ express the difference between the 
infinite arcs of the logarithmic hyperbola and the asymptotic 
parabola, by a logarithmic integral. The curved asymptotic 
spaces may be represented by a plane hyperbola, and by circular 
integrals. But as these, and many other kindred properties of 
this curve, have no immediate bearing on the subject of this 
essay, their investigation must be here omitted. 
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